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Abstract: We study the symmetric facilitated exclusion process (FEP) on the finite
one-dimensional lattice {1, ..., N — 1} when put in contact with boundary reservoirs,
whose action is subject to an additional kinetic constraint in order to enforce ergodicity,
and whose speed is of order N~ for some parameter #. We derive its hydrodynamic
limit as N — o0, in the diffusive space-time scaling, when the initial density profile is
supercritical. More precisely, the macroscopic density of particles evolves in the bulk
according to a fast diffusion equation as in the periodic case, which is now subject to
boundary conditions that can be of Dirichlet, Robin or Neumann type depending on the
parameter 6. In the Dirichlet case, the FEP exhibits a very peculiar behaviour: unlike
for the classical SSEP, and due to the two-phased nature of FEP, the reservoirs impose
boundary densities which do not coincide with their equilibrium densities. The proof is
based on the classical entropy method, but requires significant adaptations to account
for the FEP’s non-product stationary states and to deal with the non-equilibrium setting.

1. Introduction

1.1. The facilitated exclusion process. Over the last century, there has been a rapidly
growing interest in describing macroscopic features of the physical world at the mi-
croscopic level. In particular, a variety of models has been introduced to describe the
evolution of a multiphased media, as for instance the joint evolution of liquid and solid
phases. Such complex phenomena often feature absorbing phase transitions, which have
been closely investigated by both physicists and mathematicians over the last decades.

In particular, the class of kinetically constrained stochastic lattice gases, which has
been put forward in the 80’s (see e.g. [RS03] for a review), is known to accurately il-
lustrate some microscopic mechanisms at the origin of liquid/solid interfaces. In these
systems, particles are situated on the sites of a discrete lattice, and jump at random times
to neighbouring sites, following microscopic rules: we consider here in particular the ex-
clusion rule, which prevents two particles from being on the same site, and an additional
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kinetic constraint, which makes a given jump possible or not depending on the local
configuration around the jump edge. Such kinetically constrained lattice gases can be
seen as the Kawasaki-type counterparts to the Glauber-type non-conservative kinetically
constrained spin models (see e.g. [TB0O7] and [CMRTO09] for a more exhaustive review),
whose dynamics involves particle creation/annihilation rather than jumps.

One of these models, called facilitated exclusion process (FEP) has been proposed
by physicists in [RPSV00] and further investigated by physicists and mathematicians in,
for instance, [Lub01,d005,BM09,BBCS16,CZ19,BESS20,BES21,GLS24]. The sym-
metric one-dimensional FEP on the discrete lattice A C Z is defined as follows: it is an
exclusion process, meaning that each site is either empty or occupied by one particle.
Besides, a particle is considered active if at least one of its two neighbouring sites is
occupied. Then, active particles jump randomly at rate 1 to any empty nearest neighbour.
Because of the kinetic constraint, the FEP exhibits a phase separation with critical den-
sity p. = %: more precisely, it remains active at supercritical densities p > % (i.e. there
is always at least an active particle in the system), whereas if p < %, it reaches an ab-
sorbing state after some transience time!. The FEP is cooperative, in the sense that there
is no mobile cluster” of particles in the system. The cooperative nature of the FEP dis-
torts its equilibrium measures, which are no longer product, thus generating significant
mathematical difficulties. Nevertheless, in the supercritical regime, the grand-canonical
states 7, are explicit, and supported by the ergodic component, namely the set of config-
urations where each empty site is surrounded by particles. Those grand-canonical states
7, are translation invariant and can be defined sequentially, through a Markovian con-
struction, by filling an arbitrary site with probability p > %, and following each particle
by another particle with probability a(p) = (2p — 1)/p. This quantity a(p) represents
the density of active particles, namely particles with at least one occupied neighbour, in
the system at density p. To make sure empty sites are isolated, each empty site is instead
followed by a particle with probability 1.

In [BESS20,BES21], the hydrodynamic limit of the symmetric FEP with periodic
boundary conditions is derived, and takes the form of a Stefan problem (also called
free boundary problem) with non-linear diffusion coefficient D(p) = a’(p)1 (o> 1) In

other words, the diffusive supercritical phase (i.e. the macroscopic regions where the
initial density profile satisfies p"™ (1) > %) progressively invades the initial frozen sub-

critical phase (where p™ (1) < %), until one of the phases disappears (depending on

the total mass | o™ du of the initial profile being super- or sub-critical). For asymmet-
ric jump rates (namely the jump rate to the right is different from the one to the left),
the hyperbolic Stefan problem hydrodynamic limit was derived in [ESZ24]. More re-
cently, the stationary macroscopic equilibrium fluctuations have been characterized in
the symmetric, weakly asymmetric and asymmetric cases in [EZ23], and the transience
time was studied in details in [EM24]. All these results rely in parts on mapping argu-
ments (i.e. the FEP is mapped onto an auxiliary process) which all fail in dimension
higher than 1, and in the presence of boundaries. The stationary and absorbing states
for the FEP were also extensively studied both in the symmetric and asymmetric cases
[GLS19,GLS21,GLS22,CZ19], and once again rely on mapping arguments.

I See also Sect.2.2.1 for more detailed explanations., i.e. the final particle configuration has no active
particle.

2 A mobile cluster is a set of particles able to move autonomously in the system under the kinetic constraint,
which provides strong local mixing for the system.
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Fig. 1. Illustration (forthe value N = 10) of the bulk dynamics (above) and of the boundary exchange dynamics
with the left reservoir (below). Allowed jumps are provided with their corresponding rates. Forbidden jumps
(with rate 0) are denoted by x

1.2. Effect of boundary interactions. As the effect of boundary interactions on lattice
gases has been under considerable scrutiny in recent years, it is now natural to investigate
the macroscopic effect of boundary dynamics on the FEP. Adding reservoir-type inter-
actions at the extremities of microscopic systems is a classical way to induce boundary
conditions at the macroscopic level (e.g. in the hydrodynamic PDE), see for instance
[Gon19] for a recent review in the case of symmetric simple exclusion (SSEP). In turn,
these boundary effects give access to the macroscopic non-equilibrium features of the
model considered [Der07,Derl11]. In the FEP, particles injected by reservoirs may be-
come blocked by the kinetic constraint, and therefore change the effective stationary
density imposed by the reservoirs, so that the effect of reservoir dynamics on the FEP is
far from trivial.

In this work, we consider the boundary-driven one-dimensional symmetric FEP on
the finite lattice Ay := {1, ..., N — 1}, with two stochastic reservoirs at the extremities,
whose dynamics is illustrated in Fig. 1. Precisely, let us fix o, 8 € (0, 1), and let 8 € R
and x > 0 be two parameters which regulate the speed of the boundary dynamics. We
assume the following:

(1) the stochastic reservoirs at both ends inject particles at the boundary sites 1 and
N — 1, if the latter are empty, at respective rates ax N —% and Bk N -0,

(2) they can also remove boundary particles at sites 1 and N — 1, at respective rates
(1 —a)kN79, (1 — Bk N~Y, only if the boundary particle is followed by another
particle. For instance, see Fig. 1: the particle situated at site 1 in the middle of the
bottom illustration cannot be absorbed by the reservoir, since its neighbouring site
2 is empty;

(3) the particles in contact with reservoirs are always active, meaning that if a particle
is situated at one of the two extremities x = 1 or x = N — 1, then it can always
jump towards the bulk. Moreover, the rate to jump from site 1 to 2 is equal to «,
while the rate to jump from site N — 1 to N — 2 is equal to 8. Equivalently, this
mechanism can be interpreted as the boundary particles being active at any given
time with respective probabilities « and 8.

(4) for the particles situated between sites x = 2 and x = N — 2, the jump rates are
the same as in the standard FEP, namely: a particle jump to an empty neighbour at
rate 1 provided that the other neighbour is occupied by another particle.

Let us comment on the choices made to define the reservoir dynamics: the kinetic
constraint (2) imposed at both reservoirs is not standard. It is made with the main purpose
of preserving ergodic configurations: namely, if the particle system starts from an ergodic



50 Page 4 of 54 H. D. Cunha, C. Erignoux, and M. Simon

state 1(0) (where every empty site is surrounded by particles), then it is not difficult to
see that at any time ¢ > 0, n(¢) remains ergodic. With another definition of the reservoirs,
the ergodic component would not in general remain stable under the dynamics, and this
would raise considerable difficulties from a hydrodynamic limit standpoint. Besides,
the different rates at sites 1 and N — 1, as explained in the rule (3) above, are the most
natural ones for a physical reason: this choice amounts to coupling a finite FEP with
infinite reservoirs of particles which are themselves supercritical equilibrium (therefore
ergodic) FEP systems. As a result, in the equilibrium case « = f, we will see that the
unique equilibrium measure in the open system is simply the marginal of an infinite
grand-canonical measure.

1.3. Active density and macroscopic limit. As we mentioned earlier, the quantity a(p)
called active density plays an important role. This important relation between density
and active density, namely a(p) = (2p — 1)/p can easily be inverted: we denote by
p:[0,1] — [%, 1] the inverse function

1
pla) =a () = T (D
—da

We are now ready to state our main result. To focus on the most salient challenges
of boundary interactions, we start our process straight from the ergodic component, in
order to avoid some issues related to the transience time for the FEP. This implies that
the microscopic system is assumed to be initially already one-phased, with a uniformly-
supercritical density. More precisely, we consider here the boundary-driven symmetric
FEP in the diffusive time scale, started from an ergodic initial configuration fitting
a supercritical density profile ,oi“i : [0,1] —» (%, 1]. Our main result states that the
empirical particle density converges as N — oo to its hydrodynamic limit p(z, u),
which is the unique (weak) solution to

dhp =0,a(p),  p@0,:) =p™ )

with different boundary conditions depending on the speed of the boundaries’ exchanges:
more precisely,

e if & < 1, the macroscopic density satisfies the Dirichlet boundary conditions
PG 0) =p@, pC1D=pp);
e if & = 1, the macroscopic density satisfies the Robin boundary conditions,
(3.0(0) ¢, 0) = k(a()(-,0) — @),  (dua(@)(, 1) =«(B —a(p)(, D) ;

e if § > 1, the macroscopic density satisfies the Neumann boundary conditions

(3ua(0)(~0) = 0. (B,a(p))(-. 1) =0.

As seen from the definition of p given in (1), the effective boundary density imposed on
the FEP by a reservoir with density « is equal to the density for which the active density
is equal to «e. In other words, the reservoirs’ densities correspond to the boundary active
densities, rather than the standard densities, as it is the case for the SSEP for instance.
The corresponding result for the SSEP, with classical boundary conditions obtained in
the same different regimes of 6, can be found in [BMNS17] and [Gon19]. The precise
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meaning of solution to the previous boundary-driven PDE will be given in Definitions
2.3-25.

The general case where the initial profile takes any values in [0, 1] is technically
challenging, partly because mappings are not available in the presence of reservoirs
since the total number of particles is no longer conserved. We fully expect, however, that
the hydrodynamic limit holds in that case as well and takes the form of a Stefan problem
as in the periodic case. This is left for future work. Remarkably, a simple argument
shows that unconstrained reservoirs with density «, i.e. the classical ones which remove
particles at rate 1 — « without requiring another neighbouring particle, create the same
unusual boundary conditions at the level of the macroscopic density. However, this
framework raises significant technical difficulties, in particular very few information is
available on the stationary states, thus it is also left for future work.

1.4. Strategy of the proof and outline. Let us now present briefly the strategy of the
proof and its main novelties. As the hydrodynamic limit plays the role of a law of large
numbers for the empirical density of particles, the detailed knowledge of the stationary
states is a crucial element in the proof. As expected, this is particularly challenging for the
FEP (whose equilibrium states are not product [BESS20]), and even more so in the non-
equilibrium setting o 7# B, which induces long-range correlations. We first explicitly
derive the equilibrium stationary state in the presence of two reservoirs with ¢ = 8,
which turns out to be the restriction to the finite system of the grand-canonical state
75« of the FEP with equilibrium density p(«). Inspired by previous work [EZ23],
we represent it by a Markov construction. Then, we construct an approximation of
the stationary state in the non-equilibrium case o # g, following the same Markov
construction, and using the fact that the active density in the bulk should interpolate
linearly between its two boundary values.

The rest of the proof then follows Guo, Papanicolaou and Varadhan’s entropy method
[GPV88], which relies on the classical one-block and two-blocks estimates, in order to
replace microscopic observables by functions of the empirical measure. Since we are
not in a periodic setup, and because the FEP’s invariant states are not product (they
charge the ergodic component only), some care is required. In particular, the approxi-
mated stationary states do not lend themselves easily to conditioning to local boxes. The
adaptation of the entropy method to non-product, non-explicit distributions with strong
local correlations is the major contribution of our work.

This article is organized as follows. In Sect. 2, we introduce the FEP in contact with
constrained reservoirs starting from the ergodic component, and state our main result,
Theorem 2.2, namely the hydrodynamic limit for the boundary-driven FEP. In Sect. 3,
we study its local stationary states. Section4 is dedicated to building an approximate
stationary state for the non-equilibrium FEP, inspired by the explicit results obtain in
the previous section. Once the approximate stationary state is built, we obtain in the rest
of Sect.4 the associated density field and dynamical Dirichlet estimates. In Sect. 5, we
finally exploit those Dirichlet estimates, in order to adapt the classical entropy method
and complete the proof of the hydrodynamic limit. Since significant adaptations need to
be made, we expose in detail the proof of the fundamental replacement lemmas, namely
Lemma 5.1 and Lemma 5.2, in Sect. 6 (for the boundary replacement) and Sect.7 (for
the bulk replacement).
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1.5. Generalnotations. We gather here some general notations that will be used through-
out this article.

e We use double brackets [ to denote integer segments, e.g. if @, b € N are such that
a<b,lab)l={a,a+1,...,b—1,b}.

e Theinteger N € N, N # 0 is a scaling parameter that shall go to infinity.

e Given two functions f, g € L2([0, 1]), we denote by

1
(frg) = /0 F g () du

their L2 scalar product. If m is a finite measure on [0, 1] and f € Lz(m), we also
denote by (m, f) the integral of f with respect to m.

e For any non-negative sequence (uy)reN possibly depending on other parameters
than k, we will denote by Oy (ux) (resp. o (ux)) an arbitrary sequence (vi)xen for
which there exists a constant C > 0 (resp. a vanishing sequence (&g )xeN) — possibly
depending on other parameters — such that

VkeN, ol < Cup  (resp. |ug] < egup).

In the absence of ambiguity in the parameters, we simply write O (ux) and o ().

e A particle configuration is an element 7 € {0, 1} forsome A C Z. Given a function
g(n), and given a time trajectory n(¢), ¢t > 0, whenever convenient we will simply
write g(t) for g(n(1)).

e If A is a finite subset of Z, we denote by |A] its cardinality.

e When a new notation is introduced inside of a paragraph and is going to be used
throughout, we colour it in blue.

2. Model and Main Results

2.1. Definition of the model. Let us introduce the boundary-driven facilitated exclusion
process which is investigated in this paper. This particle system is evolving on a finite
one-dimensional lattice of size N — 1, called its bulk Ay = [1, N — 1]. The extreme sites
1 and N —1 are called boundaries. A particle configuration is a variable n = (nx)xeay €
Qy = {0, I}AN, where, as usual for exclusion processes, n, = 1 (resp. n, = 0) means
that site x € Ay is occupied by a particle (resp. empty).

We consider here the symmetric Facilitated Exclusion Process (FEP), where parti-
cles jump at rate 1 to each neighbouring site provided the target site is empty (this is
the exclusion rule) and that its other neighbouring site is occupied (this is the kinetic
constraint). In the bulk, the dynamics is ruled by the Markov generator £y which is
defined as follows: for any f : Qy —> R, and any n € Qy,

N-2

Lof) =Y cxxrt ML) = £(). 3)

x=1

where

Cx,x+1(77) = N1 (L — nxs1) + (I- N )Nx+11x425 4)
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is the jump rate encompassing both constraints, and " is the configuration where the
values at sites x and y have been exchanged, namely

n, ifz#x,y,
Vze Ay, n1:7 =1ny, ifz=x, (5)
ne ifz=y.

Let o, B € (0, 1) be two parameters which will encode the respective densities of two
stochastic particle reservoirs in contact with the boundaries. In (4), forx = I, x = N —1
we define by convention

m=a and gy =p. (6)

In particular, this convention implies that a particle at one of the boundaries (i.e. 1 or
N — 1) is always able to jump to the neighbouring site if the latter is empty (thanks
to the presence of the stochastic reservoir), and the rate of this jump is equal to the
corresponding reservoir density.

Besides, the stochastic reservoirs are able to exchange particles with the bulk. Let us
first introduce two additional parameters 6 € R and « > 0 which will rule the speed of
those exchanges. Then, particles can be either created or absorbed by the reservoirs, as
follows:

e if site x = 1 (resp. x = N — 1) is empty, then the left (resp. right) reservoir injects
a particle at rate kN —0 (resp. kBN —%Y at this site;

e if there is a particle at site x = 1 (resp. x = N — 1), then the reservoir absorbs it
at rate k(1 — )N~ (resp. k(1 — BN~ only if site x =2 (resp.x = N —2)is
also occupied. This additional kinetic constraint in case of absorption is consistent
with the bulk kinetic constraint: in order to leave the system, a particle also needs an
occupied neighbour.

In other words, the boundary dynamics is ruled by the generator
K
N (Ze+2r),

where, for any f : Qy — R and any n € Qy,

Lofm) =be[f" — f] and L f) = b [ LGN = fF()]
7

with boundary rates given by

b)) =a(l =) +A—a)nn and by(n) =B —ny_)+{ - Bny_1mN-2

®)
and where n* is the configuration obtained from 5 by flipping the coordinate x:
n ifz #x,
m=1" : ©)

1= ifz=x.

Finally, the boundary-driven symmetric FEP considered in this paper is ruled by the
total generator

K
Ly = 3’0+W(35 +<,). (10)
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As already pointed out in [BESS20], the FEP belongs to the class of gradient models
because the instantaneous current of particles in the bulk, namely

jx,x+1(77) = Cx,x+1 M (Mx — Nx41), X € [[17 N — 2]] (11)
can be written under the form
Jex+1 () = hx () — hxp1(n) (12)

where h, is the following local® function defined for x € [1, N — 1] by

(M) = Nx—170x + NxNxsl — Nx—1MxNx+1, (13)

with the convention o = «, ny = B. Note that here, the gradient decomposition is valid
for any x € [1, N — 2]. At the boundaries, we have

10,1(77)2%176(77)(1—2771) and jN_l,Nm):%bxn)(zmv_l—l)
(14)

and therefore we can write a similar decomposition as in (12), namely

. K R K
Jo,i(m) = W(ho(n) —hi(m),  jn-in@m) = W(thl(U) —hn(G)  (15)
if we further define by convention
hy=«a and hy = B. (16)

Definition 2.1 (Active particle). A particle at site x € Ay is said to be active if it has
at least one occupied neighbour, or it is situated at one of the boundaries (x = 1 or
x = N — 1). In particular, if x # 1 and x % N — 1, the function A, can be interpreted
as the indicator function that an active particle lies at site x.

2.2. Phase transition and grand-canonical equilibrium measures.

2.2.1. Frozen and ergodic configurations In the absence of boundary interactions, the
symmetric FEP is now quite well understood, see [BESS20,BES21] for a detailed study
in the periodic case. In particular, this one-dimensional model exhibits a phase separated
behaviour, which depends on the local particle density.

More precisely, let us define its critical density p, := % If the process starts from an
initial state with subcritical total density p < p., then, after a transience time, almost
surely every particle becomes isolated (surrounded by empty sites), i.e. the FEP reaches
its frozen component, where configurations contain no active particles. If instead, the
process is started from a state with supercritical density p > p., then, after a transience
time, it reaches its ergodic component, made of configurations in which all empty sites
are isolated (surrounded by occupied ones). The time to reach the ergodic component,
starting from a product state, has been estimated in [BESS20], while the general case has
been recently studied in detail in [EM24], starting from the worst possible configuration.
The definition of the ergodic component stems from the fact that pairs of neighbouring
empty sites can be separated by the dynamics, but not created, which makes the ergodic
component irreducible for the Markov process. We give in Fig.2 an example (in our
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Fig. 2. An ergodic configuration and its active particles (in orange)

boundary-driven setting) of an ergodic configuration in €213 where we highlight its
active particles (recall Definition 2.1).

Throughout, given a set B C Z, we define the ergodic component on B, denoted by
‘€ as the set of configurations on B where two neighbouring sites in B contain at least
one particle, namely

Ep == [n € {0, 1}y + 101 > 1 for any {x, x + 1} C B}. (17)

The presence of reservoirs which can create and destroy particles on both sides prevents
the system from evolving towards frozen configurations, since the reservoirs are always
able to create active particles at the boundaries, even in a frozen configuration. In partic-
ular, the boundary-driven FEP almost surely ultimately reaches the ergodic component

%sz%ANzlneQN: e+ et > 1, vxe[[1,N—2]]}, (18)

however in this case where boundaries dynamics are involved, no sharp estimate on the
transience time is available so far. In fact, this is why the additional constraint of the
reservoirs which can absorb particles only if the neighbouring site is occupied is very im-
portant: this ensures that the ergodic component remains stable under the dynamics. More
precisely, we prove in Appendix A.1 that the FEP is irreducible on ‘€, meaning that two
ergodic configurations can be linked by a series of particle jumps/creations/annihilations.
As a consequence, the generator £y has a unique stationary measure i which is con-
centrated on the ergodic component €y. We will see in Sect.3 a more precise local
description of this stationary state.

2.2.2. Grand-canonical measures on 7. and active density field Let us now recall the
grand-canonical measures for the facilitated exclusion process in the supercritical phase,
that have been studied in details in [BESS20, Section 6.2]. There exists a collection of
supercritical reversible probability distributions (i) 1op<i for the FEP on the infinite

line Z, driven by the generator

Loof (M) =Y cxntM[LOH) = £, (19)

Xe€Z

with the same jump rates given by (4). Those measures are translation invariant, and have
support on the (infinite volume) ergodic component €z, (see (17)). Let us fix, for £ > 1,
abox By :=[1, £]. Then, given a local configuration o € {0, I}BZ, the grand-canonical
states for the FEP are defined by their local marginals

(e, = 0) = (1= p)(1 — a(p) ™' "Pa(p)?P~H1=017% 1 {5 € €p,},  (20)

3 i.e. which depends on a finite number of coordinates.
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where p = |o]| 1= Zi:l oy 18 o’s number of particles in By, and a(p) is the density

of active particles (or active density), defined as follows: it is the increasing function
a: [%, 1] — [0, 1] given by

2p —1

a(p) = 2y

The name active density will become more clear in the next paragraph.

In practice, this formula is not very convenient in applications, because it describes
the distribution 7, “globally” in a fixed box, rather than sequentially. For this reason, we
give the following interpretation of ,: we set ng ~ Ber(p), and we define two Markov
chains started from 7g, with the same transition probabilities, but the first one, denoted
by (nx)x>0, goes forward from the origin, while the second one denoted by (7_x) x>0,
goes backward from the origin (and, once 7g is chosen, they evolve independently of
each other). More precisely we have, for any x > 0,

Tp(nen =1 =1)=a(p) and  7y(nes =1|ne=0)=1, (@22

and similarly for the backward chain. As expected, this Markovian construction, starting
from an arbitrary site, only charges the ergodic component since as soon as a site is empty,
the next one is occupied with probability 1. It is then straightforward to check that the
resulting chain (7, ) ccz has local marginals given by (20), so that its distribution is indeed
Tp.

Finally, note that the function a(p) defined in (21) is indeed the active density under
o, since one can easily check that: for any x € Z,

7y (he(n) = 1) = a(p) (23)

where &, was defined in (13) as the indicator function that x is occupied by an active
particle.

Finally, for future reference we denote the inverse function p : [0, 1] —> [%, 1]
given by

pla)=a"(a) = (24)

2—a’

2.3. Main result. Inthis section we present the main results of this paper. First,let 7 > 0
be an arbitrary fixed time horizon. Given a probability measure u on Qpy, we denote
by IP,, the distribution on the Skorokhod space ([0, T'], 2y) of the process (17(1)):>0
driven by the diffusively accelerated generator N>%y, and with initial distribution /.
We denote by E,, the corresponding expectation. Note that, even though the process 1 (t)
strongly depends on N, via the timescale and the state space, this dependence does not
appear in our notation, for the sake of clarity.

The main result of this paper consists in proving that the empirical density associated
with the configuration of particles converges in the diffusive timescale, as N — +o0,
towards a density profile which is solution to some hydrodynamic equation with suitable
boundary conditions, as we now explain.
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2.3.1. Initial distribution Although we strongly conjecture that our main result holds in
a fairly general setting, in order to focus on the main technical challenges we consider
in this article the case of a FEP starting from a supercritical ergodic configuration 7,
and we now explain how to construct our initial distribution. We consider in this paper
an initial probability law u = v(l)v whose support is included in the ergodic component
‘én, and which also fits a given initial density profile ,oi“i 1[0, 1] — (%, 1] assumed to
be supercritical and continuous.

In order to construct v(l)v , we first define the discrete active density field associated

with pini, as follows:

g — pini(ﬁ)N ., xe[2,N—1]. (25)
N

Note that, as its name suggests, a;“i is close to a(pi“i(%)) as N — oo, with a(-) defined
in (21).

Definition 2.2. The initial condition vév is the probability distribution on Q2 given by
the law of an inhomogeneous Markov chain (ny)yxea, With state-space {0, 1}, started

from ny ~ Ber(,oi“i(%)), and with transition probabilities

vo (et =1 = 1) =al; and vy (nes1 = 1fne = 0) = 1, (26)
forany x € [1, N —2].

Note that under the transition probabilities (26), an empty site is followed by a particle
with probability 1, so that the support of vév is included in the ergodic component €y,
as we wanted. Furthermore, by the Markov property and induction it is immediate to
check that for any x € Ay,

X

v/ =1 =" (5)- @7)

We will prove in Appendix A.3 that under v{)v , spatial correlations decay exponentially
ini

(cf. (123)), therefore by the law of large numbers, U(I)V fits the macroscopic profile p™,
in the sense that for any smooth function G on [0, 1]

N—-1 1
1 X ini
S o
in v}/ —probability.

2.3.2. Hydrodynamic equations Before stating our main result, we introduce some no-
tations and definitions, starting with the spaces of functions that we will use:

° C6""5([0, T] x [0, l]) is the space of functions
G:(t,u)el0,T]x[0,1]— G(t,u) = G;(u) € R

which are of class €% with respect to the time variable, and of class €¢ with respect
to the space variable.
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. %f‘l([o, T] x (0, 1)) is the space of functions G € B%¢([0, T x [0, 11) such that,
for any time ¢ € [0, T'], the function G, : [0, 1] — R has compact support included
in (0, 1).

e ! is the Sobolev space of locally integrable functions g : [0, 1] — R such that
there exists a function d,g € L?([0, 1]) for which (3, g, ¢) = —(g, dup) for all
@ € 62°((0, 1)). We endow it with the norm

1/2
Iglger = (||g||iz + ||aug||iz)

We also let %Ol be the closure of €2° ((O, 1)) with respect to the topology of this
norm.

° Lz([O, T], %1) is the space of measurable functions G : [0, T] — 9! such that

T
e fo 1G 12, df < +0o.

e The usual inner product of L? ([0, T] x [0, 1]) is denoted by

T
(G, HY) :=/ (Gs, Hy)ds, VG, H e L*([0, T] x [0, 1]).
0

We are now ready to define the notions of solutions to the hydrodynamic equations
that will be derived for the boundary-driven FEP. Recall that we have fixed a supercritical
continuous initial profile p™ : [0, 1] — (%, 1], and recall the definitions (21) and (24)
for a(-) and its inverse.

Definition 2.3 (Weak solution with Dirichlet boundary conditions). Let p—, p; € ( %, 1]
be two supercritical boundary densities. We say that a measurable function p : [0, T'] x
[0, 1] — [0, 1]is aweak solution to the following fast diffusion equation with Dirichlet
boundary conditions, and initial condition p™

dp = d2a(p) on [0, T x [0, 1],
po(-) = p™ (), (29)
p1(0) =p—, p(1) =p, forallz €[0,T],

if the following three conditions are satisfied:

(i) a(p) € L*([0, T, #");

(ii) for any ¢ € [0, T, and any test function G € %61’2([0, T]x (0, 1)), we have

t

.. t
(1. Gi) — (o™, Go) —/0 (ps, 9:Gs) ds = /0 (a(ps), 075G} ds ; (30)

(iii) for almost all ¢t € [0, T'], p;(0) = p— and p;(1) = ps.

Definition 2.4 (Weak solution with Robin boundary conditions). We say that a measur-
able function p : [0, T] x [0, 1] —> [0, 1] is a weak solution to the following fast
diffusion equation with Robin boundary conditions and initial condition p™

dp = d2a(p) on [0, T'] x [0, 1],
po() = p™(),

3ua(p)(0) = k(a(p;(0)) —a) forallz € [0, T],
dua(p) () = k(B —a(p(1))) forallt € [0, T],

€29
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if the following two conditions hold:

(i) a(p) € L*([0, T1,%");
(ii) for any ¢ € [0, T'] and any test function G € %1’2([0, T] x [0, 1]), we have

. t
(o1, Gt) — (le, Go) — /(; (ps, 0:Gy) ds
t t
- /0 (a(py). 92G) ds — /0 [a(o0 (13,61 (1) — a(6,0)2,G, () ] ds

t
e [ {6 =8 1) 60 = (5,0 )G O ] s (32)

Definition 2.5 (Weak solution with Neumann boundary conditions). We say that a mea-
surable function p : [0, T'] x [0, 1] — [0, 1] is a weak solution to the following fast
diffusion equation with Neumann boundary conditions and initial condition p™

at,o == 83(1(/0) on [07 T] X [Oa 1]7
po() = p™ (), (33)
3, a(p1)(0) = d,a(p)(1) =0 forallzr € [0, T],

if a(o) € L*([0, T], %") and equation (32) with k = 0 is satisfied for any ¢ € [0, ]
and any test function G € %1’2([0, T] x [0, 1]).

Remark 2.1. All the partial differential equations above admit a unique weak solution
for their respective notion of solutions. We prove it in Appendix A.4.

2.3.3. Hydrodynamic limits We are now ready to state our main result, illustrated in Fig.
3.

Theorem 2.2 (Hydrodynamic limit for the boundary-driven FEP). Let p™ : [0, 1] —
(%, 1] be a continuous initial profile and recall the initial distribution v(])v defined in
Sect. 2.3.1, associated with pi“i.

Then, for all continuous function G : [0, 1] — R, all § > 0 and all t € [0, T] we
have

~ss|l=0 (39

. 1 X !
Jlim Py ‘N > 6(5)mo - /0 G(w)py () du
xeAy
where p : (t,u) € [0, T] x [0, 1] —> p;(u) € [0, 1] is the unique weak solution of
e if 0 < 1, the fast diffusion equation (29) with Dirichlet boundary conditions
1 1

p—=pl) = 7— and  pr=p(B) = 25 (35)

in the sense of Definition 2.3;

e if 0 = 1, the fast diffusion equation with Robin boundary conditions (31) in the
sense of Definition 2.4,

e if0 > 1, the fast diffusion equation with Neumann boundary conditions (33) in the
sense of Definition 2.5.



50 Page 14 of 54 H. D. Cunha, C. Erignoux, and M. Simon

Robin

Dirichlet . ‘ Neumann
L L]

0 1 0

Fig. 3. Diagram of the boundary conditions imposed by each value of 6

To conclude this section we briefly explain the important classical ingredients of the
proof of Theorem 2.2. Define as usual the empirical measure on [0, 1]

1
m () = & 37 nx(03 5 () (36)

xelAy

where d, stands for the Dirac mass at y € [0, 1]. Endowing the space ... of non-negative
measures on [0, 1] with the topology of weak convergence of measures, we see from
(28) that for our choice of initial distribution, m(l)V converges to p"™ (u) du in probability
as N — +o00. Proving the hydrodynamic limit amounts to showing that

my! (du) —— pi () du

in probability for all € [0, T'], where p is given in Theorem 2.2.

See the empirical measure m” as a mapping from ([0, T, Qx) to ([0, T, AL..),
and denote by QV := ]P’v(z)v o (m™)~! the pushforward distribution on 9 ([0, T'], ) of
the empirical measure’s trajectory, corresponding to its law. The strategy of the proof is
the following:

(1) First, we prove that the sequence (QV) N>1 is tight so that we can consider a limit
point Q, which can be seen as the law of a random variable m with values in
([0, T, My).

(2) Then, we prove that Q is concentrated on trajectories of measures which are abso-
lutely continuous with respect to the Lebesgue measure. This implies that, Q-almost
surely m writes as m;(du) = p;(u) du for some density profile p.

(3) Finally, we show that p is a weak solution to the hydrodynamic equation corre-
sponding to the value of 6 in Theorem 2.2. By the uniqueness of weak solutions,
we deduce that the sequence QM ~N>1 admits a unique limit point, which is con-
centrated on the trajectory (t —> o (1) du) whose density is the unique weak
solution of the expected hydrodynamic equation. It proves that the random vari-
ables (m")y> converge in distribution to the trajectory (r —> p(u)du), and
therefore in probability since this limit is deterministic.

Although points (1) and (2) in our context follow straightforwardly from classical
arguments [KL99, Chapter 5, Section 1], point (3) above is very delicate in general, and
is tackled here using Guo, Papanicolaou and Varadhan’s entropy method [GPV88]. This
requires understanding the local invariant measure of the process, in particular at the
boundaries.

In the next section, we describe the stationary states for the boundary-driven FEP.
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3. Stationary States

3.1. The equilibrium case « = B. We assume in this section that « = 8. From Propo-
sition A.l in the appendix, the ergodic component €y is irreducible for the dynamics
of the boundary-driven FEP. As a consequence, this process admits a unique stationary
state ,ué)’ , and it turns out that it is the restriction to the box Ay of the grand-canonical
state whose density is the one imposed by the reservoirs, namely p(«). We state and
prove it in the following result.

Proposition 3.1. In the equilibrium case @ = B, the unique stationary measure pLéV of
the boundary-driven FEP is nothing but the restriction of the measure 7 5(q) to the box
Ay, ie.

Yo EQN, M(I;,V(U)Znﬁ(a)(n\AN =U).

Proof. We will check that this measure is reversible with respect to both the bulk dy-
namics, and the boundary dynamics. Consider a jump occurring inside the bulk over an
edge {x, x +1} that does not touch the boundaries (i.e. x # 1, N —2). This means that the
local configuration (9x—1, Nx, Nx+1, Nx+2) Must be either eece Or 0000 (where e stands
for a particle and o for an empty site), in order for the configuration to be ergodic, and
to satisfy cx x+1(n7) # 0. The probabilities of observing these two local configurations
under 7;(q) are respectively p(a)a(l — ) and p(a)(1 — a)a. Since both jumps (back
and forth) occur at the same rate 1, this proves that this measure is reversible with respect
to any FEP jump occurring inside [2, N — 2]. The same is true for jumps between sites
1 and 2: the latter can only occur if the local configuration (1, 12, 3) is ergodic and
has non-zero jump rate c 2(17) # 0, so it must be given by 0@ Or 0ee. On the one hand,
we have

i) (308) X c1,2(000) = Hl@)(1 — @) x 0

and on the other hand
n/;(a)(clan) X C1’2(C1>00) = (1 — ,5(0())0{ x 1,

and these quantities are equal by definition of p(«) (recall (24)). This proves that the
measure is reversible with respect to any jump through the edge {1, 2}, and we can prove
the same for the edge {N — 2, N — 1}. In other words, ufxv is reversible with respect to
the generator &, and we only have to prove that it is also reversible with respect to the
boundary generators £, and &,..

Let us consider only the case of the generator &, because the generator &, can
be treated in the exact same way. Once again, to ensure that the boundary rate b ()
is not zero and the configuration is ergodic, the local configuration (11, n72) must be
either e Or Oe. The probability of the first one is p(a)«, and that of the second one

1—p(a) = (1—a)p(a). As the transition rate e - oo isk N~?(1—a), and the transition
rate ce > ee is k N "%« the reversibility with respect to the boundary dynamics is
proved. O

Remark 3.2. This result is analogous to the following well-known result about the SSEP.
The grand-canonical measures for the SSEP are known to be the Bernoulli product
measures with constant density. In the equilibrium case of the boundary-driven SSEP,
the unique stationary measure is the restriction of this grand-canonical measure whose
density is the common one of both reservoirs.
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3.2. The non-equilibrium case o 7= . We now get back to the general case where
o # . As in the equilibrium case, there exists a unique stationary measure 1"V but
due to the presence of long-range correlations (already present in the non-equilibrium
SSEP), we have no explicit expression for it.

Though, we can get some information on "V by simple considerations. First of
all, for any 6 € R, let pp* be the stationary solution of the hydrodynamic equation
corresponding to the value of 6, namely the fast diffusion equation given in Definition
2.3if 6 < 1, Definition 2.4 if & = 1 and Definition 2.5 if & > 1. Simple computations
show that this stationary solution satisfies

a+(B—a)u if0 <1,
ku+1 .
Vuel0.1], a(pf@) = e*tB-m-—— ifo=1, (37)
oa+p .
> if6 > 1.

The following result states that the active density field under the stationary state is close
to this quantity.

Lemma 3.3. The active density field under the non-equilibrium stationary measure ji™y
given by a, := ,llN (hx (n)), X € AN, satisfies

sup
XEAN

Proof. Recall the definition of the current jy x+1(n) in (11), of /() in (13), and of the
gradient condition (12). Under the stationary state, we can make the following simple
computation

0= " (Znnx) = &Y (eo1x ) — Jrxs1 () = AN (hx—1 () = 2k () + hyi1 (1)
(39)

Gy — a(pgs(%))’ ——>0. (38)

that holds for any x € [2, N — 2]. At the boundaries, the same reasoning gives

SN (o) = i} = @ i () = ha(n).

S BN (o1 — v} = @ G20 = -1 ().
These relations, together with the convention (16) are sufficient to get an explicit ex-
pression of the active density field, we find
k(x—1)+N?
k(N —2)+2N?
One can then easily conclude the proof. O

Vx € Apn, ay=o+ (B —a) (40)

Remark 3.4. We expect the stationary state " to look locally like a grand-canonical
state, and in particular, if we define the density field ,5)]:’ = ™ (n,) under this measure,
we expect (23)-(24) to hold locally, i.e.

~N

~ , 41
'O)C 2 _ ax ( )
and from (38) the latter is close to pp* (%) However we are unable to prove it. In Fig.4
we plot a numerical simulation of the density field 5 and of the profile Py’ in the case

6 = 0, and we can see that both are very close to each other, confirming our prediction.
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—N
P,

0,85
p(B)

0,751

pla) ]
0.55

1 10 20 30 40 49 T
Fig. 4. Numerical simulation of the density field ,6)1(\] (in blue), and plot of the stationary profile ,055 (in red)
for N =50, =0.3,8=08and 6 =0

Since we do not have any further information about this stationary measure 2, the
next section is dedicated to constructing an explicit reference measure "V relying on
the Markovian construction of the grand-canonical measures, and on the fact that the
active density field is affine under the stationary state (see (40)). This reference measure
will be crucial later on to prove the replacement lemmas in Sects. 6 and 7, which are at
the center of the proof of Theorem 2.2.

4. Reference Measure and Dirichlet form Estimates

4.1. Construction of a reference measure . First, recall that in the transition probabil-
ities (22) in the Markovian construction of the grand-canonical state 7, the probability
that an occupied site follows another occupied site is equal to the density of active par-
ticles a(p). This is quite intuitive since if site x is occupied, then a particle at site x + 1
is automatically active. Besides, we know from (40) that under the stationary measure,
the active density is affine.

From these observations, we are now constructing a measure ' being the law of
an inhomogeneous Markov chain started at a Bernoulli random variable with parameter
p(a), and using a suitable active density field for the transition probabilities. In par-
ticular, we will ensure that jumps inside the bulk are “quasi-reversible” (in the sense
of Lemma 4.5 below), and that exchanges with the reservoirs are reversible. Thanks to
these properties, we will be able to use the measure " as a reference measure (in the
entropy method developed in the next sections) for any value of 6.

More precisely, let us define the active density field

Vx € Ay, ax:]/i__(;(x—l)+a=81v(x—l)+a with eszl__O;,

(42)
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and let ,uN be the measure under which (1y)1<x<n—1 is an inhomogeneous Markov
chain on {0, 1}, starting at n; ~ Ber(p(«)) and with transition probabilities

Ny =1ne =D =ay and @V (e =1y =0)=1 forx e[, N -2].
(43)

This procedure builds a measure ¥ which is concentrated on the ergodic component
En since as soon as a site is empty, the next one is occupied. We obtain the following
explicit formula for the measure uv

N-1
1) = @™ (1= 5@)' ™" x T (ne-rad (= @)=+ (1 = i)
x=2
(44)

forall n € Q. Let ,ofcv := u™(ny = 1) be the density profile under the measure p” .
By the Markovian construction and the relation (43), it satisfies the recurrence relation

oV =p@ and pN =1-—p" +ap", forallxe[2,N—1]. (45)

Remark 4.1. Here we chose (ax)xen  to be affine as a natural profile approximating the
macroscopic stationary state for the system, but we could have chosen any other slowly
varying interpolation between « and 8.

4.2. Technical estimates on . The rest of this section is dedicated to proving some
technical results on this reference measure. We first claim that under ", the relation
(24) between total and active densities is asymptotically satisfied.

Proposition 4.2. There exists a constant Coy > 0, depending only on «, 8 such that for
all x € Ay, we have

1 Co
N
Py — > a < v forall x € Ay. 46)
Proof. For x € Ay, define
8. = N _ 1
¥ P 2—ay,’

Using (45), we obtain that for x > 2,

! N D+1
= a, — —
2 —ay Px—116x — ay

1 1
=6x—l(ax_1)+(ax_1)< - )

Sy =1— ,ofcv_l +ax,0)](v_1 —

Z—ax_l 2—ax

=(ay— 1) (5x1 + Lol — > .
2—ax_1)2—ay)

Note that: |ay —1| < cwithe = |aAB—1| < 1,|ay—2| > 1andbesidesa, —a,_1 = ey
defined in (42). Therefore we get that

[0x| < cldx—1] +clen].
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By induction, we deduce that

EN
1—c

x—1
18] < B+ lew] Y F < TS|+
k=1

But by definition of p(«) we have §; = 0 so only the second term on the right hand side
remains, and it is clearly of order 6(%). O

We now state and prove the property of local equilibrium satisfied by u . In other
words, u¥ is close, locally, to the grand-canonical state associated to the local density.
For that purpose, when £ > 1, we define the box

[1,2¢+1] if x € [1,¢€],
AL =[x —t,x+1] ifxee+1, N—¢—1], (47)
[N-2¢6—1,N—1] ifxe[N—¢N—1].

This is a box of size 2¢ + 1 that contains x, but is not necessarily centered around it when
x is too close to the boundary.

Proposition 4.3. Fix ¢ > 1, take u € (%, 1), and define x = (uN |. Then, there exists a

constant C1 = Cy(a, B, £) > 0 (independent of u) such that for any local configuration
o € {0, 1}’ we have

C
[ (ag = 0) = o (-1 = )] < (48)
where
1 N
o) := lim p) (49)

2@+ (B—a)u)  No+oo
is the approximated local density around the point x under ' .

Proof. Lety_ = min A% and y, = max A¢. Both distributions 1" and 74, can be built
by a Markovian construction according to (43), with the difference that one has constant
transition rates, and the other does not. Assuming that two sequences uy, vr € (0, 1)
satisfy |ux — vg| < 8 for any k € [y_, y+], then the difference

Y+ Y+
1_[ Up — 1_[ vi| < Cyé
k=y_

k=y_

is also of order 8. So by the Markovian construction of both u"V and 7, (4), it is enough
to show that

C
N
|py7 - Q(M)’ < N (50)
C

lay — a(o())| < N Vy € [[ly- + 1, y+1, (1)

where C > 0 is some constant that depends on «, 8, £, but not on N. Writing
oY —o)| < |l — Lol ow
y- S 2 ay_ 2—ay,_ ’
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we see that (50) is satisfied using Proposition 4.2 to bound the first term, and the fact
that y_ is at distance at most £ of x to bound the second one. By definition of a, and
o(u), the condition (51) is also clearly satisfied. O

We now claim that the marginal of ' with respect to two distant boxes is roughly
a product measure:

Corollary 4.4. Fix ¢ > 1, and take u, v € (4, 1) such that
S (log N)> +1 '

N
Defining x = |uN | and y = |[vN ], we have x, y € Ay with y — x > (log N)2. Then,

there exists a constant Cy = Ca(«, B, €) > 0 such that for any u, v satisfying (52), and
any local configurations o, o’ € {0, 1}2“1, we have

(52)

’MN(’?M =0, MAL = ") = o) (N[-e.e] = O)Tow)M[-e.] = 0| <
(53)

Proof. 1tisclear that (a,)eca  is bounded away from O since «, 8 > 0. The proof of this
corollary is then straightforward thanks to the decorrelation estimate given in Theorem
A.3, which yields, since y — x > log N by (52), that

C
|MN(77\A§ =0, Mg = o) — MN(W\Aﬁ = U),U«N(Umf{, =0 < N (54)

for some constant C > 0. Then, a simple application of Proposition 4.3 yields the result.
O

Lemma 4.5. The measure u satisfies the following “quasi-reversibility” relation in
the bulk. For any x € [1, N — 2] we define

Q= €By : cxari() > O}, (55)

Then, there exists a constant C3 = C3(t, 8) > 0 such that, for any x € [1, N — 2] and
any n € Qy,

ot (D wN o th |G
cxxr1i(m)  pN@) | TN

Moreover, the measure i is reversible with respect to the boundary dynamics.

1 - (56)

Proof. Denote by {oooo} the event {n € €y, (Nx—1, Nx, Nx+1, Nx+2) = (1, 1,0, 1)},
and similarly {oooo} "the event {n € En, (Mx=1,Nx, Nx+1, Nx42) = (1,0, 1, 1)} For
simplicity, we abuse a little bit our notation and use it also when x is either 1 or N — 2,1in
which case the first/last particle should not be present but rather represents the reservoir.
Then, one easily checks that

x,x+1

Qy = {ogoo} U {0900}, and {ogoo} ={n , nE {0900}}.

Let us prove (56) in the case where 1 € {eeoe} (the second case where 7 € {ecee} is
similar). One can check that, in this case:

a ifx=1 1 ifxell,N-3
Cx,x+1(77x’x+1) = [[ H

Cx,x+1(’7) = 1 ifx e [[2’ N — ZH ,3 ifx=N — 2,
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(57)

and besides, recalling that p(«) = (2 — )~ L, the expressions of a, given in (42) and
the Markov construction, we have

1—p 1
__p(“) a3 =(¥+®aﬁ(_> ifx=1
ple) 1—ar AN
/LN(UX’XH) (I —ay)axs2 1
T U
u () ax(1 —ax+1)
1—an_» 1

ay—2(1 —ay_1) ,3

ifxe2.N=3] (58

+®aﬁ(;[) ifx=N-2,

where we denote by O, g (¢ ) aquantity whichis bounded by Cey with C > 0 depending
only on «, 8. We easily deduce the claim (56) from (57) and (58).
The reversibility at the boundaries is left to the reader. O

We finally show that our reference measure is regular enough in an entropic sense.
Given two probability measures v, i on 2, define the relative entropy

3 v(n) dv dv
H(vm)—nezg v(n)log( ()) [dM log d,J (59)

We now give a crude entropy bound with respect to our reference measure 11/ .

Lemma 4.6. There exists a constant C4 = Ca(c, B) > 0 such that for any probability
measure v which is concentrated on the ergodic component €y, we have

H|u") < CaN.
Proof. We obviously have that
Vx € An, m<a, <M (60)

withm = o A B and M = « Vv B. Therefore, in formula (44), we see that for any ergodic
configuration n € €y,

uV ) = (1= p@) x (m A (1= m))" 72

In particular, as v(n) < 1, we have log( duN) C4(N — 2) for some constant Cy

depending only on « and B. Injecting this in the definition of the relative entropy, we
get the result. O

4.3. Dirichlet estimate. Fix a function f : Qy — R, define the Dirichlet form with
respect to u? as

NN = Z@ (f)+ 5 (De(f)+D,() (61)

‘,_z

=:Do(f)
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where

() = /Q Crnst MY F D) — VFGT du () (62a)
D) = /Q e[ F ) — VT du ) (62b)
Qr(f)=/s2 by F VD = T P du® () (62¢)

N

and the bulk and boundary rates have been defined in (4) and (8). Thanks to the technical
estimates obtained in the previous section, we are in a position to estimate the spectral
radius of the generator £y with the Dirichlet form Dy .

Proposition 4.7. There exists a constant C5 = Cs(a, ) > 0 such that for any proba-
bility density function f : Qy —> [0, +00] with respect to the measure i, we have

1 C
W TNV < =300 () + WS (63)

To prove this estimate, we will use repeatedly the following classical estimate, whose
proof can be found in [BGJO19, Lemma 5.1].

Lemmad8. Let T : n —> T, € Qn be a configuration transformation such that

T =T andlet c : Qy —> [0, +00[ be a non-negative local function. Let f be a
density with respect to a probability measure 1. Then, we have that

/Q cOD[VF Ty — VT F o dutn)
1
<-3 fQ [T T — /T dutn)

1 ) (T
vo e <1 - ) i) ")) f(Ty) + £ )1 dpa), (64)
Qlie cm pn(m)

where we defined Qéf,c ={neQn: umcn > 0}

Proof of Proposition 4.7. The quantity in the left hand side of (63) is a sum of three
terms, each one coming from one of the generators £y, £¢ and &,. Let us treat each of
these terms separately, beginning with the one coming from Zy. By definition, it reads

N-=2
N/ H =) /Q st MY SO = VO]V F () d ()
x=1 N

where Q7 has been defined in (55). We now apply Lemma 4.8 to each of these integrals
to get

1 1 N-2
WM TRV ) < =3 D0(N) + 5 3

x=1
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Cant (1) () )2 a v
X, X+ l——= A d .
/Q e 1(n)< o A ) e ran]ant e
(65)

Now, in (65) we directly use the quasi-reversibility relation (56) proved in Lemma 4.5,
and the fact that ¢y ,4+1(n) < 1. This allows us to obtain from (65) the bound

2N2

W TL ) <~ 1001+ 1 / 7Y + Fan]du . (66)

Since f is a density with respect to ", and since ™ (i***1)/u™N (1) is uniformly
bounded in x, N (see (58)), the integral fo £+ du (i) is bounded uniformly in
N

x as well. This yields as wanted that for some constant C5 > 0 depending only on « and
B, we have

1 C
W TV ) < =D + WS (67)

Let us now deal with the term coming from the generator &, of the left boundary. A
similar application of Lemma 4.8 yields that

be(n) uN(n)
x[ Y+ ra]du™ () (68)

1 1 bo(n! NIy 2
,U«N(\/?gi\/?) < —Z@l(f)"‘ g/go be(n) <l — ) 1= (n )>
N

N
where Q(I)\, = Q’If, b In Q?\,, there are only two possible configurations on {1, 2},
namely oo and oe and we go from one to the other by the transformation  — n'. But
note that

be(ge)n™ (90) — be(s)n” (30) = (1 = p(e)) — (I — @)p(@)ar = 0.

This equality implies that the integral in the right hand side of (68) vanishes, so we
obtain

1
N L) < —5 D). (69)

A similar computation for the last term coming from the generator &£, shows that

1
NN < ~20: (). (70)

Putting (67), (69) and (70) together, we deduce the result.
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5. Proof of Theorem 2.2

5.1. Tightness and absolute continuity. We now have the main ingredients needed to
carry on with the proof of the hydrodynamic limit. Recall that we defined in Sect.2.3.3
the distribution QV = ]P’V(})v o mN)~1 of the boundary-driven FEP empirical measure’s

trajectory. The proof of the tightness of (Q") N>11s quite standard and relies on Aldous
criterion (cf. [KL99, Section 4.1]) which gives a necessary and sufficient condition for
a sequence of measures to be tight in the Skorokhod topology. Nevertheless, during the
proof one has to distinguish between the values 8 > 1 and 6 < 1. Both are treated simi-
larly, with the difference that the latter requires to approximate functions by compactly
supported functions in order to get rid of boundary terms that can diverge. We omit this
proof and we refer the reader to [BMNS17, Section 4], where they treat only the case
6 > 0, but with similar arguments we can extend it to 6 < O.

Since we are dealing with an exclusion process, following classical arguments (see
e.g. [KL99, page 57]), it is straightforward to show that any limit point of (QV) N>118
concentrated on trajectories (m,),>0 which are absolutely continuous with respect to the
Lebesgue measure and write m;(du) = p;(u)du, where the profile p; (-) takes its values
in [0, 1]. We actually have a stronger result as the process we consider starts and remains
in the ergodic component, so that the profile p;(-) takes its values in [2, 1] Indeed, if

G : [0, 1] — R is a non-negative ®! function and n € 6N, We can write

LS no(z) e S =2 Tnod) eo(})

but this quantity is also equal to

1= x 1
5 2006 () +0()

Since 7 is ergodic we have 1y + ny—1 > 1, so we can bound below this latter sum and
get

w 2 m0(3) > 7 L o(5) +o(z)

The sum on the right hand side of this inequality converges to % fol G(u)du as N goes
to infinity, so we conclude that

N- L
Z ( )--/0 G (u) dut > o(1).

Therefore, for any ¢ € [0, T']

1 1
=P, (n() € ) < Py ((mﬁv, G) — 5/0 G(u)du > 0(1))



Hydrodynamic Limit for an Open Facilitated Exclusion Process... Page 25 of 54 50

and the probability on the right hand side is then equal to 1. An application of the
Portmanteau Theorem then yields that Q-almost surely

1
/ <pr(u) - 1) G ) du > 0,
0 2

Since this holds for any non-negative function G, we deduce that p, takes values bigger
than % almost everywhere.

The following two subsections consist in showing that there is a unique limit point
to the sequence (QV) ~N>1 by showing that the profile p is a weak solution to the hydro-
dynamic equations, which is known to be unique (as proved in Appendix A.4).

5.2. Weak formulation. In order to prove that the density p of the limiting measure m
is a weak solution of the hydrodynamic equations given in Theorem 2.2, the first step
is to prove that it satisfies a weak formulation. By construction, as detailed in Section
2.3.1 at time ¢ = 0, this density coincides with the chosen initial profile, meaning that
any limit point Q of (QN )N >1 satisfies that for any § > 0, and any continuous function
G:[0,1] — R,

1 « .
Q ('(mo, G) —/0 o™ (w)G ) du

> 5) =0 (71)

by (28). Fix a test function G € ®|12([0, T] x [0, 1]), it is well-known (see [KL99,
Lemma 5.1, Appendix 1.5]) that

t

MN(G) := (mV, G,) — (ml), Go) —/

t
m",8,Gy)ds — / N2Zy(m", Gy)ds
0 0

(72)

defines a mean-zero martingale. Recall the definitions of the instantaneous currents in
(11) and (14), of the function £, in (13) and of the two gradient decompositions (12) and
(15). Recall that for a function g(n), we simply write g(s) := g(n(s)). As aconsequence,
after two successive summations by parts, the term inside the second integral of (72)
writes

1 N —1
N?%ymY, Gy) = NG, <N) jo.1(s) — NGy <T> JN—1.N(s)

1
+VRGOhI(5) = VyG(Dhy-1(9)+ 5 Y ANGs (7))

xeAy

where we defined the discrete gradients by
v;p(%) N (G(x; 1) - G(%)) and
vie(3)=n (6(3)-6(55). 73)

and the discrete Laplacian by

()= (o551 s ) 20(2)).
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The gradient condition (15) at x = 0 and x = N — 1, and the conventions (16) allow to
rewrite Dynkin’s martingale under the form

t t 1
MgV(G)z(me,Gt)—(mév,Go)—/(; (mﬁ\’,atcs>ds—/0 52 ANGS(%>hx(s)ds

XEAN
t
+ [ YRG0 = VGO o)

N -1

+kNI /Ot {GS (T) (hy—1(s) — B) — Gy (%) = hl(s))} ds. (74)

To obtain the weak formulation corresponding to the value of 8, we need to replace local
functions of the configuration by functions of the empirical measure. Take ¢ > 0 and
recall the definition of the active density a(p) at density p given in (21), and of the box
Af in (47). The first replacement lemma, that is true for any value of 9 asserts that we
can replace each Ay (s) in (74) by a(niN (s)), where nch (s) is the average density on the
box AfCN in the configuration 7(s)

— Y ny(s). (75)

More precisely, Lemma 5.1 below says that the error we make, doing this replacement,
vanishes when we let N go to +00, and then ¢ to 0:

Lemma 5.1 (Replacement lemma in the bulk). For any t € [0, T, and for any contin-
uous function ¢ : [0, T] — R we have that

t
lim sup lim sup sup E v H/ (p(S)(hx(s) — a(UiN(S))> ds
0

e—>0 N—>+00 xeApn 0

i| =0. (76)

Define X5, = [eN + 1, (1 —&)N — 1]. Note that for any x € X, up to a factor

that goes to 1 with N, we have nch(s) = mﬁv * Lg(%) where (, = 2]_8]1[7&8] is an

approximation of the unit and * denotes the usual convolution operation. Moreover, we
have an(s) = mﬁv * ng(%) and nf\,l\i] (s) = mﬁv * L25(NT_1) at the boundaries. Thanks
to these relations, the lemma indeed helps us to close the expression with respect to
the empirical measure. Lemma 5.1 is a stronger version of [BESS20, Lemma 5.4], and
its proof has to be carefully adapted from the latter because the addition of boundary
dynamics and the nature of the FEP’s stationary states breaks down some arguments
based on translation invariance. We postpone it to Sect.7, and now complete the proof
of the hydrodynamic limit for the different values of 6.

5.2.1. Case 6 < 1 In this paragraph only, we further assume that G € C@cl ’2([0, T] %
, 1)). As the function G is of class 6% with respect to the space variable, we can
replace the discrete gradients and Laplacian in (74) by their continuous versions up to
an error that vanishes with N, and as G is compactly supported, the last two integrals of
(74) vanish if N is chosen large enough. Moreover, the fact that for any smooth G

t
/0% 3 ANGS<%)hx(s)dssj0®(s), 77)

XEAN\Z}GNV
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together with Lemma 5.1, yield that the Dynkin martingale rewrites

MN(G) = (m! ,Gt)—(méV,Go)—/Ot(mf,V,a,Gs)ds
/ Z 9 Gs( ) (m *Lg(;))dﬂw,g(l). (78)

Thanks to the uniform (in x) replacement in Lemma 5.1, and because 83GX is bounded,
the term o (1) is a (random) error term that vanishes in probability as N goes to +oo0,
and ¢ goes to 0. In Proposition A.7 of Appendix A.5, we prove that

limsupP v | sup |MfV(G)| >48]=0
t€[0,T]

N—+00 0

for any § > 0, so we obtain that

t
limsuplimsup]P’vN( sup (mfv,G,)—(m(])V,Go)—/ (mY, 8,Gy)ds
0

e—>0 N-—>+oo te[0,T]
o L Ao ()alm ()
N

for any § > 0. Now that everything is expressed in terms of the empirical measure m",
an application of the Portmanteau Theorem shows that

> 5) =0 (79)

t
lim Sup@( sup (,Ola G[> - <1007 GO) - /0 (pS7 alGS> ds

e—0 1€[0,T]
t l—e
—/ / BfGS(u)a(ps*Lg(u)) du ds
0 Je

Letting & go to 0, we get that Q—almost surely

> 8) =0. (80)

t t
(01, G1) — (po, Go) — / (05, % Gy) ds — /O (a(py). 32G,)ds =0 (81)

forall # € [0, T] and all G € B}*([0, T] x [0, 1]). Since, as mentioned in (71), we
have that pg = p™, Q—almost surely, we recognize immediately the weak formulation
(30). Then, recall Definition 2.3: we also need to prove the last point (iii), namely that
p satisfies the Dirichlet boundary conditions (35). This is done thanks to the following
result.

Lemma 5.2 (Replacement lemma at the boundaries). If 0 < 1, then for all t € [0, T]
we have

th E Wy H/ hi(s) —oz :| =0. (82)

The same holds true if we replace hi(s) by hy_1(s) and o by B in this expression.
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Here also, the proof of Lemma 5.2 has to be handled carefully, and therefore we
postpone it to Sect. 6.
Now, if we combine Lemma 5.2 with the fact that, for any # € [0, T],

/0 (h1(s) — a(nfN (5))) ds } =0

(which is direct consequence of Lemma 5.1 with ¢ = 1), we get that

lim sup lim sup Ev(z)v [

e—>0 N-—>+o00

limsuplimsupE o H/ (s) — Ol) ds ] = 0. (83)

e—=>0 N—+o00
Using Markov’s inequality and the Portmanteau Theorem to pass to the limit over N as
before, we get that

lim sup Q(|a(p; * 12:(0)) — | > 8) =0

e—0

for any ¢ € [0, T] and any § > 0. This proves that, Q—almost surely, we have
a(p(0) =a = p(0) =p@)

for almostevery ¢ € [0, T'], and we obtain the corresponding result on the right boundary
by repeating this proof.

To sum up, we have proved that the limit density profile satisfies points (ii) and (iii)
of Definition 2.3. The proof of Theorem 2.2 in the case 6 < 1 will be concluded as
soon as we prove point (i), namely that a(p) belongs to L>([0, T'], #"). This property
follows from an energy estimate which holds true for any value of 8, and we will give
its complete proof in full generality in Sect. 5.3 below.

We have completed the case & < 1 in Theorem 2.2. Let us carry on with the other
possible values of 6.

5.2.2. Case 8 =1 We get back to a test function G € %1’2([0, T1] x [0, 1]) that is not
necessarily compactly supported, and we assume that 6 = 1. In particular, if we replace
the discrete derivatives of G by their continuous versions and we make use of Lemma
5.1, the last two integrals in (74) no longer vanish, and we obtain instead that Dynkin’s
martingale rewrites

t
MY (G) :(m{V,G,>—<m{)V,GO)—fO mY, 5, Gy)ds

+/0 {d,,GS(l)a( *L25<NT_1))—duG5(0)a< *lzg( ))}ds
e 1 Yol () -0 ool ()
/0 N Z ast ) ( *Lg(N))dS+0N£(1) (84)

where o ¢(1) is a (random) error term that vanishes in probability as N goes to +o0,
and ¢ to 0. Using the same procedure as before, we derive from this expression that any
limit point QQ is concentrated on trajectories of measures m with density p with respect
to the Lebesgue measure, satisfying

t t
(pr, Gr) = (po. Go) —/0 (ps, 9;Gs)ds _/o (aos). 0;Gy)ds



Hydrodynamic Limit for an Open Facilitated Exclusion Process... Page 29 of 54 50

t
+/() {auGs(l)u(ps(l)) - 3uGs(O)a(ps(0))} ds

+K /0’ {Gs(l)(u([)s(l)) —B) — G5 (0)(a — a(ps(())))}ds -0

for any ¢+ € [0, T] and any test function G € ®L2([0, T] x [0, 1]). We recognize
immediately the weak formulation (32) so p is a weak solution of the fast diffusion
equation (31) with Robin boundary conditions in the sense of Definition 2.4. Together
with the energy estimate given in the next Sect. 5.3, this proves the case @ = 1 in Theorem
2.2.

5.2.3. Case 8 > 1 Since the function G is bounded, it is clear that the last integral in
(74) is of order O(N 1’0). In particular, when 6 > 1 this term vanishes and everything
can be done like in the case 6§ = 1 by taking x = 0. This proves the result for 6 > 1
also.

5.3. Energy estimate. Finally, in order to match our definition of weak solution in the
different cases, we need to prove that p satisfies an energy estimate, in the sense that
a(p) belongs to the Sobolev space L? ([0, T], %1). We already know that p takes its

values in [% 1] almost everywhere, so it implies that a(p) takes its values in [0, 1]

almost everywhere and then a(p) € L? ([0, T] x [0, 1]). We can thus define the linear
functional

¢ €21 (10, T1 x (0,1)) — R
G +—> (a(p), 9,G)).

If we show that this functional is Q-almost surely continuous, then since %9 o1 ([O, T] x
O, 1)) is dense in LZ([O, T]1 x [0, 1]), we will be able to extend it to a (Q-almost surely
continuous functional on Lz([O, T]x [0, 1]). Then, we can invoke Riesz representation
Theorem to deduce that there exists a function d,a(p) € L2([0, T] x [0, 1]) such that
€(G) = —({(d,a(p), G). This implies, as desired, that a(p) € L*([0, T1, #1).

Our goal is therefore to prove that the functional ¢ is Q-almost surely continuous, and
as it is linear, it suffices to show that it is Q-almost surely bounded. This is a consequence
of Lemma 5.3 that we state and prove below.

Lemma 5.3. There exists a constant ¢ > 0 such that

EC [ sup €(G) — c{(G, G»}} < oo, ®3)
Ge6X!(10,T1x(0,1))

where EQ denotes the expectation with respect to the measure Q.

Proof. The space C@? o1 ([O, T] x (O, 1)) endowed with the topology of the norm | -
lloo + 119y - llco 1S separable, so we may consider a dense sequence {Gj}jeN in it. By the
monotone convergence theorem, it is sufficient to prove that there exist positive constants
c and K such that for any k € N,

Jx

EQ [mi‘;f {f(Gf) — G/, G-’)}}] <K.
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For now, let ¢ be any positive real number. By approximation and Lebesgue differenti-
ation Theorem, together with Fatou Lemma, the expectation above is bounded by

T 1—¢ . ,
1i£r£ng@ [1}12?/0 {/g a(ps * te ()3, G (u) du — c||G§||§2} ds:|.
The map
T 1—¢ . .
m. € 92)([0, T], ./ﬂ+) — m<a]):/ {/ a(ms * Lg(u))auGﬁ(u) du — c||G§||i2} ds
FAS 0 &

is bounded and lower semi-continuous in the Skorokhod topology, so using once again
Fatou Lemma we can bound last expectation from above by

T 1—¢ . .
limigf liminf E v |:max/ {/ a(m * 1o ()8, G () du — || G} ||§2} dsj|.
0 1J 0 e

=0 N—+o00 J<k

Using Lemma 5.1, we reduce the problem to the study of

T

1 X i

1 P(X\ _ a2

h:rgrl:(r)lf%mfgﬂi W rjngl)éfo N erA hx(s)auGs(N) cllGslly2 ¢ ds
N

Note that the sum should be a sum over x € X3, but we have replaced it by a sum over
x € Ay because as in (77), the error we make is of order ©(e). Now, we use the entropy
inequality [KL.99, Appendix A.1.8] to let our reference measure 1" come into play, and
also Jensen’s inequality to bound this expectation above by

H'luVy 1 T I i
—2— + ~logE,v | exp 1}22/0 Y- @G (5) —eNIGII | ds | |-

xXeAN

Using Lemma 4.6 together with the inequality exp(maxj<ia;) < > j<kexp(a;), this
expression is in turn bounded above by

T
s .
Cy+ logIE Zexp/o th(s)aucg(ﬁ)—anGguiz ds

xXeAy

Now, thanks to the inequality

1 1 1
lim sup — log(uy + vy) < max {lim sup — log uy, lim sup — log UN} ,
N—+00 N—+00 N—+00

we are left to show that there are positive constants ¢ and K such that

1 r X
liminf - log E,x | exp / EZA: hx(s)auGs<N)—cN||Gx||iz as | | <k
XEAN

(86)
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for any function G € %3 o1 ([O, T] x (0, 1)). Now, by Feynman-Kac Formula, the term
in the limit can be bounded above by

/0 sup | N (fseNf+—ZaG( YN f) = elGli3a | ds

XeEAN
(87)
where the supremum is carried over all density functions f with respect to the measure
u™N . We are already able to estimate the first term inside this supremum thanks to Propo-
sition 4.7, so let us focus on the second one. As the test function G is of class €' with

respect to the space variable, we can replace its space derivative by a discrete gradient
(recall definitions (73)) up to an error of order @(%), so that

- Z 3(;( uN(hy f) = f Z Vy G( )h (m f () du (n)+®<;,>

using the fact that each function %, is bounded by 1, and that f is a density with respect
to 1/V. Now, let us perform a summation by parts in the sum

LS oo
ply x x—1
=X (a(3) -a(F))mw
= 3 (e et )G () + 1 G (Y ) — G0

=Y b (G(5)

recalling the gradient condition (12), and choosing N large enough so that the bound-
ary terms vanish since G has compact support included in (0, 1). Now, recalling the
definition (11) of the current, we are left to study the term

N-=-2
X N
; 6:(%) fQ oM = f0 die ).

Note that these integrals are once again integrals over the set 2, defined in (55). Split

x,x+1

it into two halves, and perform the change of variable n ~~ n in the second half to

write it as

Gy (i) f  Cxox+1 (M — 77x+1)f(77) d:uN(r))
2y

l N=2 N(nx,x+l)
2

Gu() [ ereorr™  Dmees = mo g H ™ ).
%,

uN ()
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Recall the “quasi-reversibility” relation (56). Using this, together with the fact that
the integral fo F@***1ydu (n) is uniformly bounded in x, we thus get that this
N

expression reads

1 N-=-2
52 6(5) fQ st et = [F ) = Fan]du® () + 0 (1),
x=1 N

By Young’s inequality we have that, for any A > 0,
1
Go(5) st =0l f @) = ] < 5[y F e = VFm) ]
A x\2
Gi(5) et =00 [ F o) + VT a)
=1

so that the remaining sum is bounded by

1 N-2
_A Z /;ZX Cx,x+1(r/)[\/m Y/ f(n)]z d/,LN(n)
x=1 N
A N-2 2
P> Gi(5) [ el s + VF@] an .

The first term above is a piece of the total Dirichlet form, so it can be bounded by
7 A@ ~(f). All the integrals in the second term are bounded above by a constant C
uniformly in x, this can be seen using the fact that cx 41 (1) < 1, the inequality (a +b)? <
2(a*+b?), and the fact that f is a density with respect to 1V . To sum up, we have obtained
the following estimation

—Zac( )u (he f) < —©N(f)+c ZG( )+6

XeAN

forany A > 0, and for some constants C, C > 0 that do not depend on G. This, together
with Proposition 4.7 allow us to bound (87) by

T { N2 N2 2y
| s C5+<H——>9N(f)+c4;Gs<ﬁ) +C —clGyl2, | ds

f

Choosing A = % to remove the dependence with respect to the density f gives that this

expression is bounded above by

~ (e N=2 x\2 5
T(C5+C)+/0 (Zﬁ;G5<N) — |G, I, ) ds

As N goes to +00, the integral above converges to (C /4 — ¢){(G, G)), which is non-

positive if we choose ¢ > C /4. Making this choice of ¢ then proves that the limit in (86)
is bounded, and it concludes the proof of Lemma 5.3. O

It remains now to prove the replacement Lemmas 5.1 and 5.2, which require signifi-
cant work. Section 7 below is devoted to prove the former, and Sect. 6 the latter.
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6. Fixing the Profile at the Boundary for § < 1: Proof of Lemma 5.2

The proof we give uses similar ideas to the one in [dPBGN20], namely we use the entropy
inequality to be reduced to consider only expectations with respect to our reference
measure 1V, and then we apply the entropy and Dirichlet estimates we proved to get
the result. Though, some difficulties arise due to the fact that the reference measure is
not product.

|0

Fix ¢ € [0, T]. We want to prove that
where X : Qy —> R is a local function which is either h{ — a or Ay_; — B. We will
only consider the former case because the latter is treated in the exact same way. For

this, write
t t
EUN[/ X(m)ds}zf E,,[/ X (ny) ds
0 0 Qy 0

where [, denotes the expectation under the law of the process starting from the config-
uration 7. Recall the definition of our reference measure 1V, then the entropy inequality
and Jensen’s inequality allow us to bound it by
t
+ —logE ex N X d
)
N

for any y > 0. Since v’ is concentrated on the ergodic component, thanks to Lemma

t
lim E » H/ X (ns)ds
0

N—+oo Y0

] dvlY ()

Ho)uN) 1

4.6, the first term is bounded by C4y ~! and vanishes as y — +oc. It remains only to
estimate the second term. By the inequality e < e* + ™ together with the inequality

1 1 1
lim sup — log(uy + vy) < max {lim sup — log uy, lim sup — log vN} ,
N—+00 N N—+00 N—+00 N

itis sufficient to consider this term without the absolute value. The Feynman-Kac formula
permits to bound it by

fsup {MN(Xf) + guN(\/ﬁNﬁ)} : (88)

where the supremum is taken over all density functions f with respect to the measure
u™ . The second term inside this supremum can be estimated by Proposition 4.7, we
therefore focus on v (X f). Note that X has mean 0 under ", indeed

i (X) = M (e + (1= 0ymny — @) = ap(@) + (1 - @)p@a —a =0

since (1 — a)p(w) = 1 — p(a). Denote by § the conditional expectation of f under
u™N with respect to the coordinates (11, 72), which is a function on {0, 1)2. Since X is
(11, n2)-measurable and has mean 0 under ", we have that

WM f) = N (x) = /

X))y du ()
n'€{0,1)2
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=[xl ~ fgm]an oD +iee [ xah e
n'€{0,1}2

n'€{0,1)?

= [ xanfon - igelan¥ o).
n'€{0,1)?

As " is concentrated on the ergodic component, this integral is in fact a sum of two
terms:

1N (Xf) = X (oo)[f(o) — f(s0)] " (c0) + X (80)[f(s0) — f(e0)] 11" (00)

Use now twice Young’s inequality

_ 2
a—b=vAWa+b) x fﬂ‘/_ Af+f)2 (‘/EZA‘/E) (89)

which is valid for any a, b, A > 0, and the inequality X (n") < 2 to get that
WV X < ALieo) + [0 u" (ow) + A fi(a0) + [i(a0)] i (s0)  (90a)
+ %[\/T(T-) — Jieo) P 1" (00) (90b)
1
+ Z[\/f(To) — Jieo) 2 iV (e0). (90¢)

First of all, thanks to the inequality (a + b)? < 2(a? + b?), we see that the right hand
side of (90a) is bounded above by

1N (o0) D)
2A 2A 2A 2A
f(o-)u (0e) + f(“)u (s0) s ot f(-o)u (80) + f(“)u (s0) Vg’
but
wNee)  1-j@) 1-a V@) S)(l—a) 1-a
N = — = and N = — =
u (ee) pla)a o IC D) pa)a o

so using the fact that f is a density with respect to 1", we get that the right hand side
of (90a) can be bounded by

l—a 4A

1_
2A +2A =2 1)

Now, note that (90b) is equal to

11
S obrenl/iee) — [ieo] i (oe). 92)

Identifying f as a function on Qy by §(1) := f(n1, 12), (92) can be bounded by D, (f)/ A«
where ©, has been defined in (62b). Lastly, let us bound (90c) from above by

3= i ] s 5[ em - i e
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21 :
< —c12(30) [,/f(gO) - ,/f(c;o)] " (g0)

21 2 .m0
+Z;be(?-)[,/f(?-) —,/f(go)} 1 (oe) PLIes

but

1" (e0) _h@i-o
oo 1= @)

and we recognize portions of Dirichlet forms, so we get that (90c) is bounded above by
(@) + ()
Aa 0

where 33(1) has been defined in (62a). Putting all these estimates together proves

N 44 3 2
WX s -+ Ei)e(f) + E@o(fl 93)

But by definition of the total Dirichlet form ® y (f) in (61), we clearly have

1 N? k N?
Do) <Dy  and  De(P) = —759¢(H) < —Dn(,
Kk N K

so finally

4A 3N +2
W < 220 2 T s . 94)
o KAx

Since the conditional expectation f is an average and the Dirichlet form ® y is convex,
we have Dy (f) < Dn(f). Using this, together with (94) and the result of Proposition
4.7 (see (88)) yields that the supremum is bounded by

6
sup{ﬁ+<M—£>®N(f)+%}.

fla KAx 4y
Choosing
4y 3N? + 2«
A= ————
Ko N

removes the dependence with respect to f and we deduce that (88) is bounded from
above by

16y T 3NY + 2« .\ CsT
ka2 N y

As we chose 8 < 1, it suffices to make N go to +0o before y to deduce the result. The
proof for the replacement on the right boundary follows the exact same steps, and proves
Lemma 5.2. O
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7. Replacement Lemma in the Bulk: Proof of Lemma 5.1

7.1. Strategy. Letusnow turn to the proof of the main replacement lemma. Although the
replacement lemma in the bulk follows the classical one-block and two-blocks estimates,
the lack of translation invariance in the system and the fact that the stationary state
is not product induce some technical challenges. In order to handle this problem, we
repeatedly make use of Proposition 4.3 stating that our reference measure is locally close
to a grand-canonical state, which is translation invariant. This allows us to reduce the
present one-block estimate to the one of [BESS20], and together with the decorrelation
estimate of Corollary 4.4, we are also able to prove a two-blocks estimate.

Let us introduce another scaling parameter £ which will act as an intermediary be-
tween the microscopic and the macroscopic scales, it has to be seen as a parameter
smaller than ¢ N. If we add and subtract the quantity

t
/ o) (hh(s) = a(nt () ) ds,
0

where
1 1
l _ § : £ — E
ent yenl!

inside the absolute value of (76), then the triangle inequality allows us to reduce the
proof of the replacement Lemma 5.1 to three steps, each one consisting in proving that
one of the following expressions vanishes:

B t
sup E v / @(s)(hx(s) — hi(s)) ds ] (96)
xelAy 0 LI JO

B t
sup [, v / w(s)(hf(s) —a(nt (s))) ds } : 97)
)CEAN L 0

r t
sup B,y / o) (a(nt®) = a(nsV 5))) ds } . (98)
xXeAN LI JO

The first step consists in showing that we can replace each A, by its average hﬁ over the
box Af;’l containing x. This is the purpose of Lemma 7.1 stated and proved in the next
section.

The second step consists in proving that we can replace the empirical average 1% over
a large microscopic box, that is of size £ independent of N, by the expected value of &,
under the grand-canonical measure with density 7%, namely a(n®). This is the content
of the one-block estimate given in Lemma 7.2 below.

The third and last step consists in replacing a(nf;) by a(né"). Using the fact that the
function a is 4-Lipschitz on [%, 1], it is enough to show that we can replace nﬁ by niN .
In other words, we prove that the density of particles over large microscopic boxes (of
size £) is close to the density of particles over small macroscopic boxes (of size ¢ N).
This is the aim of the two-blocks estimate given in Lemma 7.4 below.

To sum up, the replacements we make are the following.

Lemma 7.1 Lemma 7.2 Lemma 7.4
ha () hE () a(n) ———— a(ni)
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7.2. First step.

Lemma 7.1. For all t € [0, T], any continuous function ¢ : [0, T] — R and any
L > 1, we have

t
limsup sup I, [ / @(s) (hx(s) — hi(s)) ds
0

N—+00 xeAy

] =0. 99)

Proof. Fix x € Ap. Using the same method used before coupling the entropy inequal-
ity, Jensen’s inequality, together with Feynman-Kac formula and the entropy bound of
Lemma 4.6, we see that the expectation in (99) can be bounded above by

C ! N
74 +/0 Sl}p {(p(s)y,N((hx —hf)+ ;MN(\/?QN\/?)} ds (100)

for all y > 0, where the supremum is taken over all density functions f with respect to
u™N'. Note that

1
hxm)—hf;(n):m D () = hy(m))
* eAl*l
= Z Z hev1(n) = h(n))
|A AZ 1 z=y
= A@ 1 Z Z JZZ+1(77)
AZ 1 z=y
Z Zcz 1) (1 = 12).
yeal =y

recalling the gradient conditions (12) and the definition of the instantaneous current (11).
Thus, the term I := @(s)u™ ((hy — h%) f) rewrites

LIONSY Z / Corzat (D) (st — 1) £ () A ()

N W=
- (p(;)l Z Z/ Cz,z+l(’))(’7z+1—ﬁz)f(n)duN(n)
N WovaE=
#(s) 2.2+l N R I
= Z Z/ Czzat )z = ) 1) —F—=— s du™ ()
e yvaE= 0

where to obtain the last line, we wrote the integral as twice its half, and we performed
the change of variable n ~» n%%*! in the second half. These integrals are actually
integrals over the set Q, = {17 € Ey : cr1(n) # O}, for which we have the
“quasi-reversibility” relation (56) given in Lemma 4.5 that reads

N (,2,2+1
PN U 1
Cz 41 (n*F )W =c; 41 +06 (ﬁ .
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Injecting this in the last expression of 7, using the fact that there is at most one particle
per site and that f is a density with respect to 1"V, we can see that I writes under the
form

2 : 12
- 2|Z(ZS)1 Z / 3 ozt (nze1r — ) [f () — f(UZ’ZH)] duN () +6 (7N>
yeal-1 7=y

where it is important to mention that the error term depends neither on the function f,
nor on the coordinate z. Now, to bound the remaining sum, let us use Young’s inequality
which for A > 0 writes

1
)zt =) [F) = FOPH] < [V ) = W]Z
A
+ 2002 Ozt = 1P VI +/ f e
=1

so that we get that this sum is bounded by

4A|AK 1 Z Z/ CZZ+1(77) \/m \/W d/,L (T})

l 1 z=y

A

4|;’;ESS)1 Z Z/ et er\/fT? 17 du™ ().
Al 1 z=y

The inequalities ¢; ;+1(n) < 1 and (a + b)? < 2(a?+b?), together with the fact that f is
a density show that the second term in this expression is bounded above by C A¢ ||g0||§o

where C is a positive constant. In the first term, the integral is exactly equal to D4(f)
defined in (62a), so the sum over z is a piece of the total Dirichlet form by which it can
be bounded. Hence we get that the first term is bounded above by ®y (f)/4A. To sum
up, we have proved that

1 ~ V4
1< N+ CALlpliz +0 (ﬁ> :

and this holds for any A > 0. Injecting this in (100) and using the result of Proposition
4.7 we see that it can be bounded above by

Cy 1 ~ ) ¢ Cs
=+t — CAY¢ 6= ——@ =
” + SI}p{4A N()+ lells + <N> 1y N()+ , }

Making the choice A = N removes the dependence with respect to the function f, so
that we have the bound

t
B,y H/O @(5) (hx(s) — hi(s)) ds

and this holds uniformly in x € Ay so we can take the supremum on the left hand side
of this inequality. Letting N, then £ and finally y go to infinity, we obtain the desired
result. 0

CTY 2
<g+%+® £ +T_C‘5
Y N N 14
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7.3. One-block estimate. Using the triangle inequality and the fact that the function ¢
is bounded, if we want to prove that (97) vanishes as N and £ go to +o00, it is sufficient
to prove the following result.

Lemma 7.2 (One-block estimate). For any t € [0, T], we have that

t
lim sup lim sup sup E » |:/ |V)f(s)|ds] =0, (101)
0

l—+00 N—>+00 xeAN 0

where Vxe is defined by

Vi) = him) — a(n). (102)

Remark 7.3. More generally, we expect that this one-block estimate should hold for
any local function ¢ : Qn§ —> R, stating that an empirical average of i over a large
microscopic box can be replaced by the average of ¥ under the grand-canonical measure
associated to the empirical density over this box. Though, we state it directly for the
local function 4, (defined in (13)) as it is sufficient for our purpose.

Proof. Fix x € Ay and recall the definition of the box Af; in (47). Making use of
the Feynman-Kac formula as before, and using Lemma 4.6 and Proposition 4.7 we can
bound the expectation of the statement by

QHSHP{MN(IVfIf)—E@N(f)}+£ (103)
Y f 4y 4

for any y > 0, where the supremum is taken over all density functions f with respect to
the probability measure +/V. Note that for any x € A y, both quantities hf; and nﬁ defined

in (95) depend only on the coordinates in the box Aﬁ. Let us introduce two additional
notations:

e We denote by 7z¢ the restriction of the measure ;" to the box A¢:
¢ ~
Yo (0.1}, T (0) = N (nag = 0).

o If g : {0, l}Aﬁ — [0, +o0] is a density with respect to ﬁﬁ, then we define the
Dirichlet form on the box Af; by

D= Y I (104)

{y.y+1}CAl

where
Ii(9) = /{ o118 cyye1 (@)@ 341 — /5(0)]* ditb (o). (105)

Note in particular that if f : Qy — [0, +00] is a density with respect to ", and
ff =ul(f |Af;) denotes its conditional expectation with respect to the coordinates in
Af;, then we have that

I () =D5(f)
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where ’Dg has been defined in (62a), because f)f can be seen either as a function on

4 . .
{0, I}AX, or on Q. As a consequence, using the convexity of each @g and the fact that
f)f is a conditional expectation,

DU = D D{UH< Y D

{y,y+l}CA£ {y,y+l}CAf

and on the right hand side of the inequality we recognize a piece of the total Dirichlet
form, so we can bound it above by Dy (f) to obtain that

DL(FH < DN (). (106)

Note that this bound is extremely crude, since we are bounding ©(¢) pieces of the
Dirichlet form by the total (N pieces) Dirichlet form. Nevertheless, this is sufficient for
our purpose here, and is much more convenient in a non translation invariant setting.
Each function V)f depends only on the coordinates inside Af;, so we have that

wN(VELF) = wN (VL) = mE(VELED).

Using this together with (106), we can bound the supremum in (103) by

. N . N
sup{uﬁ(lVflff) - 4—©f;<f,f>} < sup sup{uﬁ(|Vf|g) - 4—©f;<g>} (107)
f Y 14

xeAN 8

. . . . . 4
where this time, the supremum is taken over all density functions g : {0, 1} —
[0, +oc] with respect to the measure ﬁf; As ﬁﬁ(Wfl g) is non-negative and bounded

uniformly in x, say by some constant K > 0, the regime where ’Df; (g) is larger than
4% does not contribute to the supremum and we can restrict it to densities g satisfying
@f; (g) < %. We are thus left to estimate

sup  sup 2L (IVilg) (108)
XEAN Dl (9) <Y

since the Dirichlet form is non-negative. At this stage, we have a uniform bound with
respect to x so we can take the supremum over x € Ay of the expectations on the left
hand side of the inequality. If x € Ay is written x = |uN | for some u € (%, 1), using
Proposition 4.3 we have that

¢ - ~ Ci
Vo e {0, )%, |@leo) - ng(u)(o)| < ~ (109)
where o(u) has been defined in (49) and ﬁé(u) is the restriction of 7, to any box of

size 2¢ + 1. If we define a new Dirichlet form with respect to ﬁg(u) by

D9 = Z /{o e cyy+1(0)[y/ glary*) — /g(o')]z 7}, (@)

{y.y+l}c[-¢.1]
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then inequality (109) together with the fact that ’Dﬁ (g) < 4Ky implies that ’DZ (g) <

for another constant K’ > 0 that depends only on «, 8, y and £. As a consequence, 1f
we want to estimate (108), it suffices to estimate

sup sup ﬁg(u)(ﬂ%zlg) (110)
uel0 1] o5t (o)< K

where V{ : {0, 1}***! — R is the function defined by V(1) = h§(n) — a(nf). As
o(u) is bounded away from % and 1, we can at this stage follow the steps of the proof of
[BESS20, Lemma 7.1] to conclude the proof. m]

7.4. Two-blocks estimate. The two-blocks estimate hereafter states that the density of
particles over large microscopic boxes and small macroscopic boxes are close. The
strategy to prove this result is to show that the density of particles over any two large
microscopic boxes, at small macroscopic distance, are close to each other. To do so, we
choose those microscopic boxes far enough to be uncorrelated by Corollary 4.4, and
use the fact that they are macroscopically close to ensure, by Proposition 4.3, that the
reference measure on them is close to one single grand-canonical state. Thus, the density
of particles over these two boxes should not differ much.

Lemma 7.4. Forany t € [0, T], we have

lim sup lim sup lim sup sup E oy |:/ |nx(s) — r)xN(s)| ds:| =0. (111)

{—+00 >0 N-—>+00 xeAy

Proof. The ideas in the proof of the two-blocks estimate are similar to the ones used in
the proof of the one-block estimate so we solely sketch some classical ones, and detail
some others. Fix x € Ay. Using once again the Feynman-Kac formula together with
Lemma 4.6 and Proposition 4.7, we can bound the expectation of the statement by

C C
—4+rsup{uN(|nf;—n§N|f)——©N(f)} 1% (112)
4 f 4 Y

where the supremum is taken over all density functions f with respect to 1. Let us
divide the box of size 2eN + 1 relative to ¢V into p = |_26N +1J boxes of size 2 + 1,
plus possibly two leftover blocks whose size is strictly less than 2¢ + 1. It permits to
write that

p/2

¢ ¢
Nx — Z (’7x Merj@es1))

J——p/2

plus potentially an error term that we omit since it will vanish as N goes to +oo. We can

2 2
remove the terms for | j| < (lgiivl) because they have a contribution of order © (%)

which vanishes with N. Doing this truncation, we are in the conditions of validity of
Corollary 4.4 and this will be useful later on. Instead of the supremum of (112), we are
left to estimate

1 N
sup = 3w (105 = nejaen 1 f) = 5O () (113)
pjeT v
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where

log N)?
z:z(N,e,e):z{jeZ , (ogN)©” s <£}.

2ev1 SIS

For the sake of simplicity, we define y; = x + j(2¢ + 1). The map n —— |’lx — ’7yj|
depends only on the coordinates in Af;’ j= Af; U Aﬁj. If f is a density with respect
to 1V, we denote by ff j= uN(f |Aﬁ j) its conditional expectation with respect to
the coordinates in Ae .. The objective will be, as before, to define a Dirichlet form on

AZ and to estimate 1t by the total Dirichlet form ® y (f). We introduce the following
notatlons.

° H’x is the restnctlon of the measure u? to the box Af; b

e Ifg: {0, 1} y —> Ris adensity with respect to /’Ix’ It then we define the Dirichlet
form on Aﬁ,i by

@ﬁ,j(g) = Jx,yj(g)+ Z Izl(g) (114)

2
{z.z+1}CAy

where I, ¢ has been defined in (105) and Jx,y; is a term that permits to connect the
two boxes by allowing a jump from one to the other, while being sure that one never
leaves the ergodic component:

Ty (@) = /{ 011020051+ 03,103,V — Vg 47 o)
(115)
When f is a density with respect to "V, our first goal is to estimate
- Z DL
]ET

by the total Dirichlet form Dy (f). If we perform the same proof as in the one-block
estimate, we can see that

—Z S ) <o) (116)

JET {z, z+1}cA‘Z

so we only have to estimate

1 '
5 > Ty (fE)).

jex¥

We can extend Jy ; to a term Jy, y; on the whole space by the formula

Tey; (f) = /Q (lx—111x a1 + 1y~ 10y, 1y 4D [V F ) =/ F )] du ()
N
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. . . I .
so that, if we see fxg j either as a function on {0, 1}"*/ or as a function on 2, we have

the equality Jy y, (f, xe’j) =J. y; ( ff’ j) and the convexity of J, y; yields the bound

Ty (FE D) < Tey, ().

Note that in the expression of Jy, y;» We integrate only over configurations that are
not alternate, and for which the occupation variables at x and y; are distinct. As a
consequence, it is possible to make a particle lying at x go to y; (or the converse)
as explained in Appendix A.2. More precisely, by Lemma A.2 defining the integer
n(j) = 3|jl(2€ + 1) — 4, we can find a deterministic sequence of sites (zx)1<k<n(j) in
[x, y;] such that

O =y, (k+1) _

(n(k))ZkaZk‘*'l’ ,’(n(j)) ="

n n

and for all k, if ¢z, ;,+1(n®) = 0 then n**D = »® Tt allows us to write that

n(j)-1 2

VTG Vil = X [Vrawn - ra®]

k=0
n(j)—1

<ntiy Y [raem - fraw]
i=0

using Cauchy-Schwarz inequality. In particular, a piece of the total Dirichlet form ap-
pears, and we get the bound

- 3 3
Ty (F) S3171QE+ DDN () < 5pEE+ DON(Sf) < 52N + DON(S).

(117)
If we inject (116) and (117) in the definition (114) of D% i fi 1), we get that
1 6eN +5
— 3L (L) < 52D () < 6eNDN (f) (118)
)4 ’ ’ 2

JjeT
as e N > 1. Therefore, the supremum (113) can be bounded above by
sup l Z (ﬁﬁj(“]ﬁ - ﬂﬁjlff,) - _241 @ﬁj(f)fj)>
f p Jje¥T ve
which is easily seen to be bounded above by

1
AN (I D
sup sup sup § i, ;i (Inx — 1y, 18 '(8)}
xeAy jeT ¢ { w1 =, 18) 24ye Y/

where this time the supremum is taken over density functions g : {0, 1 }Aii — [0, +o0]
with respect to the measure ﬁfc i At this stage, we have a bound that is uniform on x, so
we can take the supremum of the expectations over x € Ay in the left hand side of the
inequality. As before, since the left hand term inside this supremum is bounded above,



50 Page 44 of 54 H. D. Cunha, C. Erignoux, and M. Simon

say by some constant K > 0, we can truncate the supremum to functions g that satisfy
@ﬁ j(g) < 24K y e which is a correct order as it will vanish when we will make ¢ go to
0. Writing x = [uN] and y; = [v;N], since |y; — x| > (log N)2 we are in position
to apply Corollary 4.4 which allows to replace the measure ,ux above by the measure

Q(u) ® 7t | defined by

e(vj)
4

¥(o,0") € {0, 1},

=0 =t nNo_ =t ~¢ /

Tow) ® Mo (@ 0) = Toqy M[—t.6] = O)Tp() (M[-2.] =)
up to an error of order ®( L ) Using the fact that |y; — x| = [j|2¢€+ 1) < 25N+1 , it
is not hard to see that |u — v;| = ®(8 + 1{,) and using a proof similar to the one of
Proposition 4.3 one can check that the measure ﬁe( B is close to the measure ﬁe( ) with

an error of order @(s + N) Putting all these statements together, we have a constant
C = C(«a, B, £) > 0 such that

¢ 1
V(o.0') € {0. 130, |3t (.0 =R, ® 7L, (0.0 < (g+ N)'
(119)

As inthe proof of the one- block estimate, we can now define anew Dirichlet form @ﬁl (2)

with respect to 7 Q(u) ® 7t ., and if @f;’ (&) < 24K y e, inequality (119) implies that

o(u)’
’Dﬁ’z(g) < K'(s+ N) for some constant K’ > 0 that depends only on «, 8, ¥ and £.
Now that we have expressed everything in terms of a measure that no longer depends
on N and &, we can take the limits to be left to prove that

. L e
limsup sup  sup 770w ® ﬂg(u)<||0| - |a’|]g) =
L—+00 u€l0,1] g:i)ﬁ ,(8)=0

Decomposing now along the hyperplanes with a fixed number of particles, this amounts
to proving that

k

1 . .

7 § 12i — k[v} (i) — 0 (120)
i=0

forall u € [0, 1] and all k > 2¢ + 1, where vf!k is the measure defined by

k(z) Q(u) ®ﬂg(u)(|a| =i|lo|+|o’| =k).

Conditioning with respect to the possible values at the borders of the configurations o
and o”, it is straightforward to prove that v .. 18 concentrated around i > k/2, so (120)
can easﬂy be deduced. This concludes the proof of Lemma 7.4. O
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Appendix A. Technical Results

A.1 Irreducibility of the ergodic component.

Proposition A.1. The ergodic component €y is anirreducible component for the Markov
process with generator L.

Proof. First, note that if we take an ergodic configuration — that is with isolated holes
— then, performing jumps authorized by the dynamics of the generator &y, we go to
another configuration with isolated holes. Therefore, €y is stable under the dynamics.
Indeed, if we perform a jump between two sites x € Ay and x + 1 € Ay, then we go
from a configuration of the form eece to one of the form ecee on [x — 1, x + 2] and
we do not create two consecutive holes. If an exchange with a reservoir takes place, we
cannot create two consecutive holes either because we chose reservoirs that can absorb
a particle only if it is followed by another particle.

In order to show that € is an irreducible component, the strategy is to show that any
configuration n € €y can be connected to the full configuration 1 (Vx € Ay, 1, = 1)
with jumps authorized by the generator £ . To go from a configuration n € €y to 1, the
idea is to take all the particles from left to right, creating a particle at site 1 as soon as it is
possible. For this, at each step we choose the first empty site x in n starting from the left.
If this site is in contact with the left reservoir, then we create a particle. Otherwise, we let
the particle at x — 1 jump to x, which is indeed possible since n,_» = 1 by minimality
of x. Repeating it several times, we end up in the full configuration 1.

When we consider ergodic configurations, all the jumps are reversible so if we want
to go from the full configuration 1 to any configuration n € €y, it is enough to follow
backward the path described above. O

A.2 Deterministic long-range jump of particles. In this section, we prove the following
lemma, that is used to prove the two-blocks estimate.

Lemma A.2. Consider a configuration n withng = 1 —n¢ = 1 such that n and n®* are
both ergodic. Setn = 30—4, there exists a deterministic sequence of n (potentially trivial)
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nearest-neighbour jumps getting from n to n®. In other words, we define n© = n, there
exist X1, ..., xXp such that for1 <k <n—1,

n® = (& =Dyt ey (D) £ 0,
n(kfl) otherwise,

and n(n) — nO,Z_
Proof. To get from 7 to n%*, three series of jumps are needed.

e First,wesetx; =1, x =2,...,x,—1 = £ — 1, to get from
[TTEE T T Yol } to [TEST T TI'T N
0 t 0 ¢

where the “s:x” piece represents an ergodic piece of the configuration containing
arbitrary particles and empty sites. This sequence of jumps is allowed, because a
particle can fully cross an ergodic segment, by ignoring jumps towards another par-
ticle, and by jumping over empty sites, which is always allowed because the segment
being ergodic means there is a particle right behind it, any time it tries to jump over
an empty site.

e For the same reason, we can make another particle fully cross, that will be used
afterwards to make the right empty site travel back to the origin. We therefore let
xe =0,x41 =1,...,x2-2 =4 — 2, to get from

og*****oozo to oﬁ****ﬁozo.

Now, we only need to make the marked pair eo travel back to the origin.

e To do so, we simply let xop—1 = € — 3, x0¢ = £ — 4, ..., x30—4 = 0. This case
requires a bit more justifications, because empty sites can only travel freely along an
ergodic segment until they would meet another empty site. However, the empty site at
£ —2 can travel over fully occupied clusters of particles until it stops at some site x + 1
because the ultimate particle of the cluster at site x cannot jump over it. This means
that locally, successive transitions occur from - - - eeeec--- to ---eceee - -, thus
effectively making the pair eo jump leftwards one step at a time, until it encounters
an empty site to its left, where it stops at - - - ecec. At this points, the next two jumps
over (x, x + 1) and over (x — 1, x) are canceled, because the particle at site x cannot
jump towards either of the neighbouring empty sites. Taking those two cancelled
jumps together, however, the piece oo has in effect switched places with the identical
piece to its left, and thus can be considered having moved two steps left. We can apply
this to make the pair travel over the whole segment “sskk:”, thus transitionning from

”g****E.?' to o?***** oo,

The jump (x3¢—4, x3¢—4 + 1) = (0, 1) is then allowed, and gets us back to the con-
figuration ¢ = ecexixixeee as wanted. O
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A.3 Exponential decay of spatial correlations under the Markovian construction. In this
appendix, we prove the following result.

Theorem A.3 (Decorrelation estimate). Let p : [0, 1] — (%, 1] be any continuous
profile taking values strictly over % Forx € [2, N — 1], define

X x—1y) _
ay = p(N)”i(_lN )= (121)
p(*)

to be the distribution of an inhomogeneous Markov chain on

N
o

{0, 1} started from ny ~ Ber(,o(%)), and with transition probabilities

and define a measure v

v (et =1y =D =aw  and v =1ne=0=1 (122)

Sforx € [1, N=2]. Then, under the measure vév , spatial correlations decay exponentially

fast, meaning that there exist constants C, ¢ > 0 depending only on the profile p, such
that

Ve <yeAn.  [iOn=Llny=1—v) (e =Dy (ny = D] < Ce™00.
(123)

To do so, we will use some general results about inhomogeneous Markov chains
given in [DO23]. The first thing to do is to show that our Markov chain (7)1 <x<n—1

with law vf)v is uniformly elliptic according to the following definition.

Definition A.1 (Uniform ellipticity). An inhomogeneous Markov chain X = (X,)>1
evolving in a state-space & with transition kernels (y y+1)x>1 i8 said to be uniformly

elliptic if there exists a probability measure 1, on &, a measurable function p, : &> —>
[0, +oo[ and a constant gy € (0, 1) called ellipticity constant such that for all x > 1,

(i) ﬂx,x+l('4’ U)l = Px(l/h V) x+1(V);
(i) 0 < px < —
€0
(i) /6 Pty V) prst (v, ) ditaas () > 0.

The transition kernels of our Markov chain (1, )1<xgn—1 Write

- 0 1
o x+l = I —axyy axq1 )’

We will show that it is uniformly elliptic with u, being the law of n,, that is the law
of a Bernoulli random variable with parameter p(%-), and with p, being the function
(written in matrix form)

1
O -
_ p()
P = 1 Ax+1

1
p(%) p(5)
With these definitions, one can see that condition (i) is immediately satisfied. By the
hypothesis that p is continuous and takes values in (%, 1], we can find e€ (0, %) so that
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it takes values in [% +e, 1]. It is not difficult to deduce from it that the active density field

(ax)2<xgn—1 defined in (121) takes values in [2¢, 1]. We clearly have that 0 < p, < 2
so condition (ii) holds. It remains only to prove condition (iii), and for that define

ox(u, w) = f P, V) pry1 (v, w) dptys (v).
(0,1}

Let us compute the four possible values of this function:

o 0:(0.0) = (0, 0)pi10.0) (1= p(51) ) + P (0, Dposr (1, 0)p(5) =

p(5+)

> 1.
o @u(1,0) = (1,0 past 0,00 (1= p(51) ) + pu (1, Dpanr (1, 0)p(57) = p‘(”;‘])
N

> 2e.

o 00, 1) = pe(0,0per1 0. D(1= p(51)) + PO, Dp (1, Dp(58) = 3
> 2e.

o (1) = p(1,0)pes 0, D(1= p(51)) + pe(l Dpa (L Dp(52) > 20)°.

As a consequence, we can choose a suitable ellipticity constant &g for which our chain
(nx)1<x<N—1 1s uniformly elliptic.
Now, define the o -algebras @f = a(ny, y < x) and F° = a(ny, y > x). Define
also
w(£) = sup sup {|vf,V(A N B) — v/l)v(A)vf)V(B)| tAe¥|, Be fofg}
X
By [DO23, Proposition 1.22], since the chain is uniformly elliptic, then w (£) is expo-

nentially small with £. More precisely, there exist constants C, ¢ > 0 depending only
on the profile p, such that

w(l) < Cect.

This proves Theorem A.3. O

A.4. Uniqueness of weak solutions to the hydrodynamic equations. In this appendix, we
aim to prove that the hydrodynamic equations with the different boundary conditions we
consider admit at most one solution. Before doing it, we make the following important
observation.

Throughout this section, we assume that o and p are two weak solutions of the fast
diffusion equation d;p = E)Mza(,o) starting from the same initial condition o™, and with
the boundary conditions corresponding to each problem. Recall that we chose the profile
o™ to be continuous and to take values in (%, 1], and in the case of Dirichlet boundary
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conditions we also chose p_, p; € (%, 1]. As a consequence, we can find ¢ > 0 such
that
1 o 1
—+e < p™MK1 and —+e< p_,pr <1
2 2
Applying the usual theory (see for instance [Vaz07, Section 3.1]) with these data, we
know that there is a maximum principle and then both solutions p, p satisfy the same
bounds
1
5+8<p,,5<1 (124)
for any of the boundary conditions we consider. In the sequel, for (¢, u) € [0, T] x [0, 1]
we denote

1
o () pr (1)

which are both well defined by (124), so that a(p) — a(p) = w X v.

We start by presenting the proof of the uniqueness of weak solutions in the case
of Dirichlet boundary conditions, and then we will present the Robin case which also
includes the Neumann one.

wy(u) = p(u) —p(w)  andalso v (u) =

A.4.1. Dirichlet case Assume that p and p are two weak solutions of (29) in the sense

of Definition 2.3. Take a test function G € C@CI ’2([0, T] x (0, 1)) and consider the weak
formulation (30) that both p and p satisfy. Performing an integration by parts which is
allowed by item (i) of the definition, that is a(p), a(p) € LQ([O, T], %1), and making
the difference of both equations, one gets that

T T
<wr,Gr>—/0 <w,,ath>dr:—fo (dua(or) — dua(@), 0, G/)dr.  (125)

Note that both sides of this equality are well defined if we only assume that G €
Lz([O, T], %01) and 9,G € Lz([O, T]x10, 1]). In fact, by approximating such functions
by smooth and compactly supported ones, and using a limit argument one can see that
(125) still holds when G € L? ([0, T1, %01) and has an L? time derivative. The goal is
now to suitably choose the test function in this latter functional space so that (125) gives
the equality of p and p, and for this we get inspired by [Vaz07, Section 5.3]. Define

T
Gi(u) = / wy (u)vs (u) ds V(t,u) € [0, T] x [0, 1]
t

and let us check that G € L*([0, T, %) and 3;G € L?([0, T] x [0, 1]). Since
3G () = —w; (v, (u) = a(pr () — alpr(w))
the latter condition is clearly satisfied. Besides,

T
0, G (u) =/ (9ua(ps) — dua(ps)) () ds
t

$09,G € L? ([0, T1x]O0, 1]) by item (i) of Definition 2.3. Finally, item (iii) of Definition
2.3 implies that G;(0) = G;(1) = 0 for almost all ¢ € [0, T], so putting all these



50 Page 50 of 54 H. D. Cunha, C. Erignoux, and M. Simon

properties together, we deduce that indeed G belongs to Lz([O, T], %01) and has an L?
time derivative.
Therefore, this function G can be used as a test function in (125), and it yields that

T T 1
/ (wy, wevy) dt = —/ / (3uﬂ(/)t) - 3ua(;5t))(u)
0 0 0
T

x (f (0ua(ps) — Bua(ﬁs))(u)ds> du dt,
t

which rewrites, by integrating the right hand side,

2

T 1 1 T
/(wtz,v[)dt+—/ (/ (8ua(p,)—8ua(,5,))(u)dt> du = 0.
0 2 Jo \Jo

As both term are non-negative, this identity yields that w = 0, i.e. p = p almost
everywhere in [0, T'] x [0, 1]. It concludes the proof of the uniqueness of weak solutions
in the case of Dirichlet boundary conditions. O

A.4.2. Robin and Neumann cases We prove here the uniqueness of weak solutions in
the case of Robin boundary conditions. We present only this proof because one can
check that it can be adapted for Neumann boundary conditions by taking « = 0. But
beforehand, we need the following three technical lemmas whose proofs can be found
in [dPBGN20, Section 7.2].

Lemma A4. Let o € 6>2([0, T] x [0, 1]) be a positive function, let h € 6>([0, 1])
be a function such that h(0) = h(1) = 0, and let A > 0. Then, for any t € (0, T, the
problem with Robin boundary conditions

do+0d2p=rp on[0,1) x (0, 1),
@i (1) = h(),

0ups(0) = kps(0)  foralls €0,1),
ous(1) = —kes(1) foralls € [0,1),

(126)

admits a unique solution ¢ € %1’2([0, t] x [0, 1]). Moreover, if 0 < h < 1, then we
have

0<os) <e ™9 V(s,u) €0, 1] x [0, 1].

Lemma A.5. Let ¢ be the unique solution to the problem (126). Then, there exists a
constant K = K (k, h) > 0 such that

topl
/ / ax(u)(aiws(u))zdu ds < K.
0 JO

Lemma A.6. Let o be a non-negative, bounded, measurable function on [0, T] x [0, 1].
Then, there exists a sequence (6" ken of positive functions in C6"0([0, T]x [0, 1]) such
that

1 <ok < oo + 1 J o —ok 0
-0 X ||O|lcot — an PR
k k Vok 2o, mx0,17) k=+o0
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Assume that p and p are two weak solutions of (31) in the sense of Definition 2.4. Take
t € [0, T], atest function G € C61’2([0, T] x [0, 1]) and consider the weak formulation
(32) that both p and p satisfy. Making the difference of both equations, one gets that

t t
(G = [ w06 ds = [ (w8360 s
0 0
t
- [ 0u a6 - w©0un08,6.0) s
0

t
we [ = w060 - 000060 s
0

and this rewrites exactly
t 1
(.G = [ e 8G+ 083G ds = [ D D[0,Gu() +£GL() ] as
0 0

t
+ / wS(O)vs(O){BuGS(O)—KGs(O)}ds. (127)
0

The idea is, as before, to choose a suitable test function to deduce the uniqueness of
solutions, and this will be done taking a function that satisfies a problem like (126). We
have no idea about the regularity of the function v, but thanks to (124) we know that
0 < v < 4. Thanks to Lemma A.6 we can find a sequence of positive functions (6F)ren
in ([0, T] x [0, 1]) such that

1 P 1 ok —v )
zga <4+ - and — 0 1nL([0,T]x[O,1]).

k Jok  k—+o0

Fix a function h € C62([0, 1]) with #(0) = h(1) = 0, and consider the problem (126)
when we replace o by o and A by 0. By Lemma A.4, we know that it admits a unique
solution <pk and that it belongs to C61’2([0, t] x [0, l]). If we use this function as test
function in (127), then the last two integrals in the right hand side vanish because

3.0 (0) = kgk(0)  and 8,0k (1) = =k (1).

We can estimate the remaining term using Cauchy-Schwarz inequality in the following
way

t

t t
/ (wy, 8,(/)? + vsalfgof) ds = / (wy, 8t<pé‘ + crska,fgof) ds +/ (ws, (v — af)&,fgof)ds
0 0 — 0

=0
t k
Vg — O,
< / W — = H,/of‘aigof ds.
0 Vv Oy L2([0,1]) L2([0,1])

By (124), we have that |wg| = |ps — ps| < 2, and by Lemma A.5 we know that the
second L2 norm in the integral above is bounded by ~/K , where K is some constant that
depends only on « and 4. Therefore, putting this in (127) we deduce that

v — ok

Vok

(wr, 9¥) <2VK

L2([0,T]x[0,1])
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Noticing that gof = h, and letting k go to infinity, we get that
(wy, h) <0. (128)

Define A, = {u € [0,1] : w;(u) > 0} for ¢ € [0, T]. We can approximate the
function 14, in L?([0, 1]) by a sequence of functions (h*)ien in €2 ([0, 1]) such that
h5(0) = h*(1) = 0 for all k € N. As (128) holds for any of these functions, letting k go
to infinity shows that

1
/ w; (u)du <0,
0

where w* = max(0, w). As a consequence, w; < 0i.e. o, < p; almost everywhere
in [0, 1], and this is true for any ¢ € [0, T']. It shows that p < p almost everywhere
in [0, T'] x [0, 1], and we can prove the converse inequality in the exact same way, so
finally p = p almost everywhere and it concludes the proof of the uniqueness of weak
solutions. O

A.5. Dynkin’s martingale.
Proposition A.7. Let

G e [B2(10.71x 0.1) ifo <1,
@€12([0, T1x [0,11) ifo >1

and consider the process defined by
vt >0,

t t
MM (G) = (m;N,Gz)_<m(1)V,GO>_/O <msN,ath>ds—/0 N2%y(mY, Gy)ds

It is a mean-zero martingale with respect to the natural filtration of (n(t));>0, and it
satisfies

VT >0, V6>0, P ( sup MY (G)| > 5) —=0 (129)
t€[0,T] —+00

Proof. Thanks to [KL99, Lemma 5.1, Appendix 1.5], we know that this process is indeed
a mean-zero martingale, and that its quadratic variation is given by

t
VG, = [N (@ Go2) = 200, Gyt G s,
0
Making simple, but tedious computations, one gets that

(M (G)) :/tllvi:zc 1) VG () ds
f ) N2 < X, X+ NUs N

t

+% i (bg(s)Gs(%)z+b,(s)Gs<NT_1)2> ds.
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Using the fact that the local function ¢y x+1 is bounded by 1, and by smoothness of G,
ifo >1
t19.Glloo | 2t||Gl1%
+
N NY

whereas for 6 < 1, as G is compactly supported the boundary terms will vanish for ¥
large enough so that we simply have

viz0, (MV(G), < (130)

184G ll oo

vi>0, (MV@G) < N

(131)

But notice that applying successively Markov’s and Doob’s L? inequalities, we have

2

N 1 N

P | sup [MY(G)|>8) < SEw || sup [MY(G)]
0 \te[0,7] g~ " 1€[0,T]

< e[y of]

ey,

so inequalities (130) and (131) imply (129). O
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